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3.1

Assume the system is conservative and the mass of every particle is invariant. We can use the Euler-Lagrange
equation to describe the system.

L(r;,t;,t Z ~mi? —U(ry,ra,...,Tp) (1)

Using Euler-Lagrange equation

d oL OL
— = — 2
dt or; (91‘z (2)
The differential equations are
m;r = —V,;U (3)

which is essentially the Newton’s second law.

3.2

The system with an internal constraint is not ergodic.

3.3
The trace of a gas particle in a isolated box. The distribution is uniform if we ignore the possible minor

difference near the boundary. In the middle space of the box, where the potential is uniform, the position
the classical particle locates when being measured is equally likely.

3.4
Q(N,V,E) Zm (4)

where Q; is the degeneracy of the energy state E;, or the number of states that has energy F;. 6(z) is the
Dirac delta function.

3.5

In this system, when n out of N spins flipped up against the field,

2= () ?

n



Assume N and n are large enough to apply the Stirling’s formula for factor
InQ~NInN— (N —-n)ln(N —n)—nlan (6)

The energy of the system is
E=—-(N-2n)H (7)

where H is the uniform field strength.

0InQ J0ln Q2 on 1 N —n
8= = — =—1In (8)
OF NV on NV OF Ny 2H n
It can be seen that when n > N/2, 8 < 0. Easy to see that these states have more spins flipped against the

field than those lined up with the field. This is the population inversion. Easy to see these states are not
stable solutions in thermodynamics.

3.6
() °(z) :<6<é)> (dT)
o)) V) e
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=TS+ A=FE 9)
3.7

For simplicity, suppose {|v)} are a complete set of eigenvectors of H corresponding to {E;}, v for different
states. Then

Tr(He P7) =3 " E,e 7 (10)
Tr(e PH) =) e =Q (11)

hus Tr(He PH) Y E,e PE
Tr(e—AH) - ZU:v e—BE, (E)- (12)

3.8
InP(E)=InQ(E)—-pE+C
=InQ((E) +6E) — B((E) + 6E) + C (13)
dInQ d?nQ

mQ((E) +0B) = mO(E) + —— E:<E>5E + i (6E)? + O[(6E)?] (14)



2
I P(E) = C + nQ((EY) — B(E) + [ 0L _B)eE+ @ (6E)2 + O[(6E)?]
dE | p_ ) dE® |5
1 2
P((E) 4+ 6E) 1 5
] S
" P((E) ey OF)
When §E = 10-5(E), Cyy = 3Nkg,
P((E) +0FE) —12 _ 3 23 3
In T2 10712 % 2 % 0.001 x 6.022 x 10%3 = —9.033 x 10
P((E)) 2
P((E) +0F) 8 — 392208206
= exp(—9.033 x 10®) ~ 3.139 x 10 .
P(E)) ( )
3.9
(i) N
2= (N —m)!m!
m__ 1
N  1+4efe

S =kpInQ =kp[ln N! —In(N — m)! — Inm!]
~kpg[NInN — (N —m)In(N —m) — mInm]
N-—-m Nm)

—mln

:—kB (Nln

1
— R Be _
=—kp [Nln (1 1—|—eﬁ5> mln(1+e 1)}

_ —pe Pe
=Nkp [ln(l—i—e )+ 1+eﬁ5] .

m

When 8 — +o00, S — Nkg [In(1) + 0] = 0.
(i)
B N—-E/e E_ N-E/e
S(E,N) = —:ZCB <N1HN - EIHM> .
E 1

Ne 14eP

1 Ne
B:EID(E—:l)

Thus

(iii) When 1 < % <2,p<0.
3.10

S/kp =—BA+ B(E)

“NIn(1 4+ %) 4 N—DE

1+efe’

This agrees with the result in Exercise 3.9.



3.11

Now derive the probability P, for a system with Q = Q(F, X),

0lnQ
InQ(E, X)—F, ( 35 >X

=exp [InQ(E, X) — BE, — £X,]

P, x QFE - FE,,X — X,) =exp

Therefore
P, x exp(—BE, — £X,).
Define
E=) exp(—BE, — £X).
Then
P, = exp(—BE, — £X,)/E.
3.12

For the microcanonical ensemble,

P, =

1
mforanyv, ;PU:].

S=kpInQ(N,V,E) = —kgln P, = —kp » P,InP,.

v

The result is consistent with the Gibbs formula.

3.13
Assume

S - Z P’uf(Pv)
If S is extensive,

Sap =54+ Sz,
where

Sap = ZZPAB(”Aa“B)f(PAB(UAva))7
Sa=>_ Pa(wa)f(Pa(va)), Sp=Y_ Pp(vp)f(Ps(vp)),

and

Pap(va,vp) = Pa(va)Pp(vB)

Then we have an equation for function f(P,)

> > Pa(va)Pp(v)f(Pa(va)Ps(ve)) =Y Pa(va)f(Pa(va)) + Y Ps(vs)f(Ps(vs)),

vA UB VA vB

x(
E.X
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E,X]

(31)

(32)



D Pa(va)Ps(v)f(Pa(va)Pp(vp)) = > > Pa(wa)Pp(vp)f(Pa(va)) + Y Y Pa(va)Ps(v)f(Ps(vs)),

VA UB VA UB VA VB

D> Pa(va)Ps(vp) [f(Pa(va)Ps(vp)) — f(Pa(va)) — f(Pp(vp))] =0 (39)
Thus
f(Pa(va)Pp(vp)) = f(Pa(va)) + f(Pp(vB)) (40)
Therefore f(x) should be
f(z) =clnuz. (41)
3.14
The constraint for the variance is
> P=1, Y PE,=(E), Y P.N,=(N) (42)

Then we use the Lagrange multipliers «, § and «y for (65)g),v,(ny =0

) [—ZPvlan —« <ZPU — 1) ] (ZPva —~ <E>> — (ZPUNv — (N))] =0 (43)

(-lnP,—1—a—pBE, —yN,)0P, =0 (44)
Then
P, =exp[—(1 +a) — BE, —yN,] = E ' exp(—BE, — YN,) (45)
where
E2=exp(l+ ) Z exp(—BE, — vNy) (46)
We find
S=-kpy P,nP,=kpy P,[InE+BE, +yN,] =kp(InZ+ B(E) +v(N)) (47)
Then 58 )
el = —_ =k 4
(8E)N7V 1=k (48)
oS I
2 =_2 _ L 49
( ’ N)m L b (19)
Therefore
R (50)
T kT T Tkpr - M
TS =kgTIhZ+ FE — uN (51)
Thus
—kgTInZE=E—-TS — uN = —pV (52)
InZ = gpV (53)

or

= = exp(fpV). (54)



3.15

P,=="lexp (BE(”) + Z ﬁuiN§”)> (55)
<8<Ni>) _ (95, PN ~ 3N ( ) (56)
aﬂﬂj BB,V aﬁﬂj B.Bu1,V v 85MJ BB,V
oP, ) ()
<65W 8.8,V ! ’
Therefore
(8<Ni>) =Y P.N!"N; ZP NYUN;Y = (NiN;) — (Ni)(N;) = (6N;6N;).  (58)
Buj ) gy 5

(ii)
(ON;ON1ONj) = (N;NyNj) — (ON;6Ni) (Nj) — (ON;ON;)(Ny) — (ON;ON;)(Ny) — (Ni)(N;){N;)  (59)

9*(N;) > (v)( 0’P, )
= N, 60
<5ﬁmaﬁw BB,V ZU: Y \OBOB; ] g gy v o
9%P, (v) ( oPp, ) (6<NJ>)
=(N:"’~ — (N, _Pv an.
<85/~Llaﬁ/‘j>ﬂ,ﬂm,v ; WD) B ) g g v OB ) g,yu,v
=N = (Np) (PN = Py(Ni)) = P (ON;0N) (61)

52<Nz->> _ O ORI @ _ P USNG
<6,6’mc’95uj BﬁukvigNi (NG = AN (PN = Pu(Ni)) = Py (GN;0Ny)

—Z[ NNSPNE = N NG PN = Ni(@)N Py (Ng) + N NGV P (Ni) = N Py (oN;00y)|

=(NiNiN;) — (NiNi){N;) = (NiNj)(Ni) + (Ni)(N;)(Nr) — (Ni)(6N;0N)
(NilNiNj) = (ONi N1 (Nj) — (SN 0N;) (Ni) — (Ni) (Nj)(Ni) — (Ni)(ON;6Ny)

=(0N;6N;6N;). (62)
(iii)
(OE)?) = kpT?Cy (63)
2 n= 2
o= (), s (32),,

According to the Gibbs-Duhem equation,

Op N
(5n). 7 o
0*p ON 1 (0N oV
<8M2>T,v < op > SV (3V>T7M <6N)T,N
B dp oV dp
v <8M> (8p>T,N (@)T
N2 [0V
v <8p)T,N

N2
=2 r (66)



Therefore
N2kpT
—kK

(ON)?) = —7—nr (67)
3.16
For ideal gas,
CV: gNkB’ HT:%BT, E:gNkBT (68)
(OE)?) = kpT?Cy = gNk:%TQ (69)
VBT 1
7 = P ~ 1.05 x 10 (70)
(0N = 2L =N ()
v <(fVN)2> = Tlﬁ ~1.29 x 1071 (72)
3.17
(a) (i) If p(x) = 6(z — =),
b b
(9f) =/ dzg(z) f(x)d(z — x0) = g(xo) f </ dzg(x ) (/ dl‘f(x)p(x)> ={g(f).  (73)
(ii) If arbitrary functions g and f satisfy
(9f) = {9){f) (74)
that is,
b
/ drg(z ( / drg( ) ( / dwf(x)p(x)> (75)
/ ar[f(x) ~ (F)lg@)p(x) = 0 (76)
Since g is arbitrary,
[f(z) = (N)lp(z) =0 (77)
Because
b
/ dop(z) = 1, (78)

dxg € [a,b] s.t. p(xg) # 0. Such xg comprises a set A, A # &. Then Vag € A, f(xo) = (f). Because f is
arbitrary, only one such xgy can be guaranteed.

Since
b
[ dals@) - (1p(o) = . (79)
Given an arbitrarily small ¢ > 0, .
[ dsls@) = (plpta) 0 (50)



and

b xo+e
/ dxp(x) = / dxp(x) = 1.

When z € (zg — &,20 +€), xg € A, then € — 0, f(z) — f(zo) + f'(x0)(z — x0),
xo+e To+e
[ dalt@) = @) = [ delf(eo) + 1 (an)a — o) = (Dlple)

xo+e
—f(eo) [ dale~ wo)ple)

o[ + drapta) — | + draup(s)

xo+e
/ dzap(x) = xp.
ro—E&

Then because f'(xg) can be arbitrary,

Thus p(z) = §(x — o).
(b) () If p(z,y) = p1(x)p2(y)

/ dzdyf(z)g(y)p(z,y) = / dz f(z)p1(z) / dyg(y)p2(y)

(f(z)g(y {g).
(ii) If (f(x)g(y)) = (f)(g) for all f(z) and g(y)

/ dxdy f(x / dxdyo f (z xyo/ dxodyg(y)p(zo,y)

// dxdy f(x // dzodyop(, yo)p(zo,Yy)

Thus

pla,y) = / / deodyop(a, yo)p(o, y) = / dzop(zo,y) / dyp(z, 30) = p2(4)p1 (2).

3.18
(a)

N

E{”i} = _lu’HZni
i=1

Using a canonical ensemble,

N

N
Q= Z exp(—BE(,,}) = Z HeB“Hm = H (e PrH 4 ePrH) = [2 cosh(BuH)]N.

{n.} {n;}i=1 i=1

_ (9lhQ . 01n(2 cosh(BpH))) _
U= ( a5 > = N< a5 o NuH tanh(SuH)
(b)
A=—-B"1'InQ = —-B"'NIn(2cosh(BuH))
S = v ; A_ —%NMH tanh(BpH) 4+ kpN In(2 cosh(SuH))

(¢) When T' — 0, 8 — +o0.
U——-NuH, S—0.

8

(81)



3.19

Q=Y exp(BHMy, ;) (94)
{n1}
(M) = %g}? _ N9l Cg;i;ﬁ ML Ny tanh(Bu). (95)
(b) (i)
2
(M) =G 5715 = GlQVHPsech (B + QN tank? ()|
=Ny?sech®(BuH) + N?u? tanh®(BuH) (96)
((6M)?) = (M?) = (M)* = Np?sech®(BuH). (97)
(if)
= M = 2sech?
X( ST >B7N Npp*sech? (BuH) (98)
Therefore
((6M?)) = xkpT. (99)
(¢) When T — 0,
(M) = Npu, ((6M)?) — 0. (100)

3.20

When the total magnetization M is fixed, the total energy F is fixed under a given H. Then we can use the
microcanonical ensemble. The natural variables are S, N.
N!
Q= ——— —— 101
(N —m)!m! (101)
where m = (N — M/u)/2.
When N is large, we can use the Stirling approximation,

—mln

S:k:Ban%—kB<NlnN_m N_m)

B N+M/up N-M/u, N+Mu
= kB<N1n oN 5 lnN—M/u
N+ M N-M
=—kp <+2/uln(N+ M/u) —In(2N) + 7/”111(]\7 - M/u)) (102)
H ([0S 1 oS 1/1 1 1 1 1 N+M/u
H=—|—=] =——(w=+F+) =—-|zIhh(N+ M ———-In(N-M/p)— -] =—In——
P =15 <8E>N ksu(aM/u>N u<2 RNV M) g = gl /#) 2) ou N —Mjp
(103)
That is,
2Pt _q



3.21
(a) When & =0,
0 A
%_%_—(A o) (105)
By diagonalizing matrix ¢, we obtain the eigenstates under the bases of |A) and |B),
1

+) = —[|A) £ |B)]. 106
£) \/iﬂ ) £ [B)] (106)
with energy eigenvalues FA, respectively.
(b) (i)
Q = €2 + e P2 = 2cosh(BA). (107)

(i)
e =3 %(5A)n <(1) (1)>n

n=0

1 2n+1 0 1 1 2n 1 0
S (1) et 1)
=sinh(SA) ((1) é) + cosh(BA) ((1) (1)) (108)
o Q= Tr(e P7) = 2cosh(BA). (109)

The partition function is the same because the trace of an operator is invariant after a change of basis.

(c) (i)

(Hml+) = S((A]+ (B)m(4) +]B) = 5+ 040~ p) =0, (110)
(~ml=) = 5((A] ~ (B)m(4) ~B)) = (1 +0+0 ) =0 ()
. (my = L) Z;_"”Hem = 0. (112)
(i)
(+labs(m)| +) = S((A] + (B)abs(m)(|4) +1B) = 51l +0+0+ |~ ) =|ul,  (113)
(~Jabs(m)| ) = 5({A] ~ (B)abs(m)(|4) ~ [B)) = 5 (Il + 0+ 0+ |~ pl) = |u (114)
m efa - m)|—)|e B4
- (i = LSS bt e (115)
(i) 2 BA 2 _8A
ey = LRI il -
(Fm)?) = {m?) — (m)? = 2 (117)
(a) .
%ﬂ=<‘_’f ;g> (118)

10



(i) The eigenvalues are /A2 + p2&2.

Q = exp(BvV/AZ + 282) + exp(—Bv/ A2 + p2E2) = 2cosh(Bv/ A2 + pu262). (119)
AE) - A
w —B~ (ln cosh(Bv/ A2 + p2&?) — In cosh( BA)) (120)
(ii)
L ~ oy ué sinh(ﬁ A2+u2£’2> Asinh (B A2+u2<§2)
o _ cos (ﬁ +u ) + e NITErE
- Asinh(ﬁ,/Nﬂﬂg2 5 S yé”sinh(ﬁ\/A2+u252)
VAL &2 cosh (ﬁ VAR F 2 ) B N/XEwrEre
(121)
Q = Tr(e P7) = 2cosh(Bv/A2 + p2£2) (122)
Then it gives the same free energy of solvation.
()
m= (‘5 —Ou) . (123)
. (ﬁ AT 2g2) N ﬂzg’sinh(,@w/AQJr;ﬁé”?) Asinh(ﬁa/A%r;ﬂé??)
B _ cos K N/EErD /T
—H Asinh(B\/AZ—}-,u?é”z) ug’sinh<5\/A2+,u2£2)
— — cosh (B A2 + M%B?) +
\/Az_;'_uzgz \/A2+,u2éa2
(124)
Tr(me A7) 2u%& sinh(B/A2 + u2&2)
= = 2 h A2 2 @2
{m) Tr(e—8) /A2 1282 cosh(f +p2é?)
28
_\/ﬁ tanh B\/ A2 +M2£2 (125)
T
|u|Tr(e=#7) (126)

(Im) = W = |ul.

When & =0, (m) =0, (Jm|) = |u|. (m) increase with increasing & because larger external field makes the
dipoles more likely to be lined up with the direction of the field.

3.22
(a) From the equation (67) we know
N2kgT
(59 = (SN2 V? = 2Py (127)
where L oV
__1[ov 12
" 14 (317 )T,N (128)
The equation of the vdW fluid is
p 2
_ _ 12
Bp 1y Bap®, (129)
)™ (50) ™0 i
oy __p(o%) __ P —28a 130
<av e V\dp)yr BV [(T-bp) p (130)



B(1—bp)?

o 131
T T 2Bap (1 - bp)? (131)
1 p(1 —bp)?
. H{(d 132
00 = G s (132)
0p)? 1 1-b
((6p)?) _ P . (133)
P VeV /1 —2Bap(1 — bp)?
From this result, it can be seen that when V' — oo, the fluctuation is negligible.
(b)
aﬁp) 1
9OPY L 9gap, 134
((% s (1—1bp)? g (134
0?Bp 2b
= — 2fa. 135
( o )ﬁ = 20 (135)
At the critical point,
L 98ap=0 (136)
—bop 7
2b
—2Ba = 1
A=) Ba=0 (137)
The solution of p is
1
e = —. ].
e =3y (138)
The critical temperature is
L (139)
© 8a’
(¢) When 8/8. = %
(CRE) 1 1= bpe | 1-1/3
VAP - ~0.383  (140)
P P=Pe 10vbpe \/1 - %Bcapc(l — bpc)? 10 v \/1 %% —-1/3)?

When 5/50 _ 1 V ((6p)2)

1.001° o

= 3.65. When /B = roigor, Y2

~ 1.00001°

p=pc
(d) The density inhomogeneity will cause a reflection, that is, the denblty dlfference will change the refractive

index. Suppose the refractive index n increases linearly with increasing density in this situation. Thus

AnAp (G

141
el 5 (141)

An empirical estimate of the relative change of the refractive index that can be discerned is % ~ 0.03. The
estimated b = 125A37 V = 10003A°. Then we obtain T/T.—1~2x10"%

3.23

From Section 3.6 in the textbook we know

((ONA)?) =D _[(ning) — (ni){n;)] (142)

,J

12



where we define n; = 1 when the particle ¢ is in the state A, n; = 0 if not. Then Ny = Zi n;. It can be seen

that when @ # j, (nyn;) — (n;)(n;) = 0. Thus

((6N)%) = > _[(nf) — (ni)?]

%

Since n; is either 0 or 1, n? = n;, (n?) = (n;),

((6N4)*) =D (1~ {ng))(ni).

K2

It can also be seen that (n;) = (Na)/N = z4. Thus

<(5NA)2> = NxAxB.
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(144)

(145)



