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4.1

∂⟨ni⟩
∂(−βεj)

=
∂

∂(−βεj)


∑

n1,n2,···
ni exp[−β(n1ε1 + n2ε2 + · · ·+ niεi + · · · )]

Q



=− ∂Q

∂(−βεj)


∑

n1,n2,···
ni exp[−β(n1ε1 + n2ε2 + · · ·+ niεi + · · · )]

Q2


+

1

Q

∂

∂(−βεj)

( ∑
n1,n2,···

ni exp[−β(n1ε1 + n2ε2 + · · ·+ niεi + · · · )]

)

=− ∂ lnQ

∂(−βεj)
⟨ni⟩+

1

Q

∑
n1,n2,···

njni exp[−β(n1ε1 + n2ε2 + · · ·+ niεi + · · · )]

=− ⟨nj⟩⟨ni⟩+ ⟨njni⟩
=⟨δniδnj⟩ (1)

Thus if i ̸= j,
⟨δniδnj⟩ =

∂⟨ni⟩
∂(−βεj)

=
∂

∂(−βεj)
1

eβεi − 1
= 0. (2)

That is, there is no correlation between occupation numbers of two different single particle states.
If j = i,

⟨(δni)
2⟩ = ∂⟨ni⟩

∂(−βεi)
=

∂

∂(−βεi)
1

eβεi − 1
=

eβεi

(eβεi − 1)2
=

1

2 cosh(βεi)− 2
. (3)

4.2
Since the distribution of free ideal photon gas is

⟨n(ε)⟩ = 1

eβε − 1
, (4)

That is to say, at temperature β, the number of photons at energy ε is ⟨ni⟩.
Here, ε is the energy of a single photon out of many kinds. From relativity, we know that

ε = pc = c
√
p2x + p2y + p2z (5)
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The volume of the phase space

g(ε)dε = 2 ·
∫
ε<c

√
p2
x+p2

y+p2
z<ε+dε

1

h3
d3qd3p =

L3ε2

π2ℏ3c3
dε (6)

where h3 is the unit volume of the phase space for 3D system, and the factor 2 stands for two polarizations
(spin states) of the photon. Then the total energy is

E =

∫ ∞

0

dεg(ε)⟨n(ε)⟩ε =
∫ ∞

0

dε
L3ε2

π2ℏ3c3
1

eβε − 1
dε =

L3

π2ℏ3c3
π4

15β4
(7)

Thus
E

V
=

π2k4B
15ℏ3c3

T 4. (8)

4.3
Since

Q =

DN∏
α=1

(∑
n

exp

[
−β
(
1

2
+ n

)
ℏωα

])
(9)

lnQ =

DN∑
α=1

ln

[
exp

(
−1

2
βℏωα

)∑
n

exp (−βnℏωα)

]

=

DN∑
α=1

ln

[
exp

(
−1

2
βℏωα

)
1

1− e−βℏωα

]

=

DN∑
α=1

ln

[
1

e
1
2βℏωα − e−

1
2βℏωα

]

=−
DN∑
α=1

ln
(
e

1
2βℏωα − e−

1
2βℏωα

)
(10)

4.4
If for N particles

g(ω) = Nδ(ω − ω0) (11)

βA =

∫ ∞

0

dωg(ω) ln
(
eβℏω/2 − e−βℏω/2

)
= N ln (2 sinh(βℏω0/2)) (12)

E =

(
∂βA

∂β

)
V,N

=
Nℏω0

2
coth(βℏω0/2) (13)

− kBT
2CV =

(
∂E

∂β

)
N,V

= −Nℏ2ω2
0

4
csch2(βℏω0/2) (14)

∴ CV /kB =
Nβ2ℏ2ω2

0

4
csch2(βℏω0/2) (15)

When T → 0, β → +∞, CV → 0, which is an important feature of the Einstein model.
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4.5
Given

g(ω) =

{ 9N
ω3

0
ω2, ω < ω0

0, ω > ω0
(16)

βA =

∫ ∞

0

dωg(ω) ln
(
eβℏω/2 − e−βℏω/2

)
=

9N

ω3
0

∫ ω0

0

dωω2 ln (2 sinh(βℏω/2)) (17)

E =

(
∂βA

∂β

)
V,N

=
9N

ω3
0

∫ ω0

0

dωω2 coth(βℏω/2)
ℏω
2

(18)

− kBT
2CV =

(
∂E

∂β

)
N,V

= −9Nℏ2

4ω3
0

∫ ω0

0

dωω4csch2(βℏω/2) (19)

∴ CV /kB =
9Nβ2ℏ2

4ω3
0

∫ ω0

0

dωω4csch2(βℏω/2)

=
9N

4β3ℏ3ω3
0

∫ βℏω0

0

dx
4x4ex

(ex − 1)
2

=9N

(
T

TD

)3 ∫ TD/T

0

x4exdx

(ex − 1)
2 (20)

where TD =
ℏω0

kB
is the Debye temperature. When T → 0, TD/T → ∞,

CV /kB → 9N

(
T

TD

)3
4π4

15
=

12

5
N

(
T

TD

)3

. (21)

4.6
⟨ninj⟩ = 1 · P (ninj = 1) = P (ni = 1, nj = 1) = P (a particle is in state i and a particle is in state j) (22)

Let api be 1 if particle p is in state i and 0 if not. Then

⟨ni⟩δij = P (ni = 1)P (apj = 1|api = 1) =P (a particle is in state i)P (a particle is in state j if it is in state i)
=P (a particle is in state i and it is in state j) (23)

Thus

gij = ⟨ninj⟩ − ⟨ni⟩δij =P (a particle is in state i but it is not in state j, and a particle is in state j)
=P (a particle is in state i and another particle is in state j) (24)

4.7
For ideal identical fermion gas,

⟨ninj⟩ =
∑
v

n
(v)
i n

(v)
j Pv =

1

Ξ

∑
v

n
(v)
i

∂ exp[−β
∑

k nk(εk − µ)]

∂(−βεj)
=

1

Ξ

∂2
∑

v exp[−β
∑

k nk(εk − µ)]

∂(−βεj)∂(−βεi)

=
1

Ξ

∂2Ξ

∂(−βεi)∂(−βεj)
(25)
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If j ̸= i,
⟨ninj⟩ =

1

(1 + eβ(εi−µ))(1 + eβ(εj−µ))
= ⟨ni⟩⟨nj⟩. (26)

If j = i,
⟨ninj⟩ = ⟨nini⟩ = ⟨ni⟩. (27)

In summary,
⟨ninj⟩ = ⟨ni⟩δij + ⟨ni⟩⟨nj⟩(1− δij). (28)

Therefore
gij = ⟨ninj⟩ − ⟨ni⟩δij = ⟨ni⟩⟨nj⟩(1− δij). (29)

4.8
By definition, the Euler-Maclaurin formula is

n∑
i=m

f(i)−
∫ n

m

f(x)dx =
f(m) + f(n)

2
+

1

6

f ′(n)− f ′(m)

2!
− 1

30

f ′′′(n)− f ′′′(m)

4!
+ · · · (30)

∆ =
∑
nx=0

∑
ny=0

∑
nz=0

F (εn⃗)−
∫ ∞

0

dnx

∫ ∞

0

dny

∫ ∞

0

dnzF (εn⃗) ≈
1

2
F (ε0) =

1

2

1

eβ(ε0−µ) + 1
(31)

The ground state of the free electron is

ε0 =
ℏ2π2

2mL2
=

ℏ2π2

2mV 2/3
(32)

When V → ∞, ∆ → 1
2e−βµ+2

. However, we know that

⟨N⟩ ≃
∫ ∞

0

dnx

∫ ∞

0

dny

∫ ∞

0

dnzF (εn⃗) ≈
1

2
F (ε0) =

2V

(2π)3

∫
d3kF (ε(k)) (33)

which means
∆

⟨N⟩
∝ 1

V
. (34)

Therefore when V → ∞, the error of using integral instead of summation can be ignored.

4.9

kF =

(
3Nπ2

V

) 1
3

=

(
3π2NAmCu

VMCu

) 1
3

=

(
3π2NAρCu

MCu

) 1
3

(35)

µ0/kB =
ℏ2k2F
2mekB

=
ℏ2

2mekB

(
3π2NAρCu

MCu

) 2
3

(36)

Given ρCu = 9× 103 kgm−3, MCu = 63.5× 10−3 kgmol−1, it can be calculated that

µ0/kB = 8.203× 104 K. (37)
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4.10
Start from

⟨E⟩ =
∞∑

m=0

Em (38)

where
Em = − 1

m!

(
dmΦ

dεm

)
ε=µ0

∫ ∞

0

dF

dε
(ε− µ0)

mdε (39)

and
F =

1

eβ(ε−µ) + 1
,

dF

dε
= − βeβ(ε−µ)

(eβ(ε−µ) + 1)2
. (40)

For simplicity we denote Cm =
1

m!

dmΦ

dεm

∣∣∣∣
ε=µ0

. Cm is explicitly independent of temperature.

We use the approximation ∫ ∞

0

dF

dε
f(ε)dε ≈

∫ µ0+kBT

µ0−kBT

dF

dε

∣∣∣∣
µ=µ0

f(ε)dε. (41)

E0 = −C0

∫ ∞

0

dF

dε
dε = −Φ(µ0)[F (∞)− F (0)] = C0

1

e−βµ + 1
. (42)

E2n+1 ≈C2n+1

∫ µ0+kBT

µ0−kBT

βeβ(ε−µ0)(
eβ(ε−µ0) + 1

)2 (ε− µ0)
2n+1dε

=C2n+1
1

β2n+1

∫ 1

−1

x2n+1ex

(ex + 1)2
dx

=C2n+1
1

β2n+1

∫ 1

−1

x2n+1

ex + e−x + 2
dx = 0. (43)

E2 ≈ C2

∫ µ0+kBT

µ0−kBT

βeβ(ε−µ0)(
eβ(ε−µ0)+1

)2 (ε− µ0)
2dε = C2

1

β2

∫ 1

−1

x2

ex + e−x + 2
dx = C2A2

1

β2
(44)

where
A2 =

∫ 1

−1

x2

ex + e−x + 2
dx ≈ 0.144 (45)

Thus
⟨E⟩ ≈ C0A0 + C2A2(kBT )

2 +O(T 4). (46)

where 1

e−βµ + 1
→ A0 when β → +∞.

4.11
The series can not have infinitive terms, because as the quantum number n goes to infinity, the average
distance from the nucleus to the electron goes to infinity. Then it is impossible to say that the hydrogen
atoms are not correlated, because the total space is after all finite.

5



4.12
(i) The original Schrödinger’s equation for the total system is

[Kn(R) +Ke(r) + Uee(r) + Unn(R) + Une(r,R)]ψ(r,R) = Eψ(r,R) (47)

where Ψ(r,R) is the total wave function.
In the Born-Oppenheimer approximation, the total wave function is

ψ(r,R) = Φ(r;R)χ(R) (48)

Form the procedure, we have

[Ke(r) + Uee(r) + Unn(R) + Une(r,R)]Φ(r;R) = EBO(R)Φ(r;R) (49)

where EBO(R) is the Born-Oppenheimer energy that does not include the kinetic energy of the nuclei, or the
effective potential for nuclei.

[Kn(R) + EBO(R)]χ(R) = Eχ(R) (50)
The equation (47) then becomes

[Kn(R) +Ke(r) + Uee(r) + Unn(R) + Une(r,R)]ψ(r,R)

=[Kn(R) +Ke(r) + Uee(r) + Unn(R) + Une(r,R)]Φ(r;R)χ(R)

=Φ(r;R)Kn(R)χ(R) + [Ke(r) + Uee(r) + Unn(R) + Une(r,R)]Φ(r;R)χ(R)

=Φ(r;R)Kn(R)χ(R) + Φ(r;R)EBO(R)χ(R)

=Φ(r;R)χ(R)E = Eψ(r,R). (51)

(ii) Around the point of the crossing point of the excited energy surfaces, the off-diagonal elements in the
total Hamiltonian is as significant as the energy difference of the two states, and no more can be ignored.
Instead, it requires a full decomposition or diagonalization of the total Hamiltonian. This way gives the
”avoided crossing” of the energy surfaces.

4.13

qvib(T ) =

∞∑
v=0

exp

[
−
(
1

2
+ v

)
βℏω0

]

=e−βℏω0/2
∞∑
v=0

(
e−βℏω0

)v
=e−βℏω0/2

1

1− e−βℏω0

=
1

eβℏω0/2 − e−βℏω0/2
. (52)

4.14
By definition, the Euler-Maclaurin formula is

n∑
i=m

f(i)−
∫ n

m

f(x)dx =
f(m) + f(n)

2
+

1

6

f ′(n)− f ′(m)

2!
− 1

30

f ′′′(n)− f ′′′(m)

4!
+ · · · (53)

In this Exercise,
f(J) = (2J + 1) exp[−J(J + 1)θrot/T ], J = 0, 1, 2, · · · (54)
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Then correspondingly
f(x) = (2x+ 1) exp[−x(x+ 1)βℏ2/2I0], x ∈ [0,∞). (55)

f ′(x) = e−x(x+1)θrot/T
[
2− (2x+ 1)2θrot/T

]
. (56)

f ′′(x) = e−x(x+1)θrot/T
[
−6(2x+ 1)θrot/T + (2x+ 1)3θrot/T

]
. (57)

f ′′′(x) = e−x(x+1)θrot/T
[
−12θrot/T + 12(2x+ 1)2θ2rot/T

2 − (2x+ 1)4θ3rot/T
3
]
. (58)

qrot =

∞∑
J=0

f(J) ≈
∫ ∞

0

f(x)dx+
f(∞) + f(0)

2
+
f ′(∞)− f ′(0)

12
− f ′′′(∞)− f ′′′(0)

720

=
T

θrot
+

1

2
+

1

12

(
θrot
T

− 2

)
+

1

720

(
−12

θrot
T

+ 12
θ2rot
T 2

− θ3rot
T 3

)
=

T

θrot

[
1 +

1

3

(
θrot
T

)
+

1

15

(
θrot
T

)2

+ · · ·

]
. (59)

4.15
For dilute multi-component gas with fixed NA and NB , which are decided by the chemical equilibrium, the
canonical partition function is

Q =
qNA

A

NA!

qNB

B

NB !
(60)

where
qA = gAe

−βεA , qB = gBe
−βεB (61)

βA = − lnQ =− (NA ln qA +NB ln qB − lnNA!− lnNB !)

≈−NA ln qA −NB ln qB +NA lnNA +NB lnNB −NA −NB (62)

dA = −SdT − pdV + µAdNA + µBdNB (63)

∴ βµA =

(
∂βA

∂NA

)
T,V,NB

= − ln qA + lnNA, (64)

βµB =

(
∂βA

∂NB

)
T,V,NA

= − ln qB + lnNB . (65)

∵ µA = µB (66)

∴ − ln qA + lnNA = − ln qB + lnNB (67)

Therefore
NA

NB
=
qA
qB

=
gAe

−βεA

gBe−βεB
=
gA
gB
e−β∆ε (68)

where ∆ε = εA − εB .
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4.16
(a)

q = qA + qB (69)

qN = (qA + qB)
N =

N∑
NA=0

(
N
NA

)
qNA

A qN−NA

B =

N∑
NA=0

N !

(N −NA)!NA!
qNA

A qN−NA

B = N !

N∑
NA=0

qNA

A qNB

B

NA!NB !
(70)

Then

Q =
qN

N !
=

N∑
NA=0

qNA

A qNB

B

NA!NB !
(71)

By the definition given in the question,

− βA(NA, NB) = ln

(
qNA

A qNB

B

NA!NB !

)
(72)

Q =

N∑
NA=0

exp[−βA(NA, NB)]. (73)

(b)

µA =

(
∂A

∂⟨NA⟩

)
T,V,⟨NB⟩

, µB =

(
∂A

∂⟨NB⟩

)
T,V,⟨NA⟩

(74)

∵ µA = µB , (75)

∴
(

∂A

∂⟨NA⟩

)
T,V,NB

=

(
∂A

∂⟨NB⟩

)
T,V,NA

(76)

∵ ⟨NA⟩ = N − ⟨NB⟩, (77)

∴
(

∂A

∂⟨NA⟩

)
T,V,NB

= −
(

∂A

∂⟨NB⟩

)
T,V,NA

(78)

Therefore (
∂A

∂⟨NA⟩

)
T,V,NB

=

(
∂A

∂⟨NB⟩

)
T,V,NA

= 0. (79)

4.17
(i)

Q =

N∑
NA=0

qNA

A qNB

B

NA!NB !
=

(qA + qB)
N

N !
(80)

⟨NA⟩ =
1

Q

N∑
NA=0

NA
qNA

A qNB

B

NA!NB !
=

1

Q

N∑
NA=0

qA

(
∂

∂qA

qNA

A qNB

B

NA!NB !

)
qB ,N

= qA

(
∂

∂qA
lnQ

)
qB ,N

=
qAN

qA + qB
. (81)

Similarly,
⟨NB⟩ =

qBN

qA + qB
. (82)

Thus
⟨NA⟩
⟨NB⟩

=
qA
qB
. (83)
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(ii)

⟨N2
A⟩ =

1

Q

N∑
NA=0

N2
A

qNA

A qNB

B

NA!NB !
=

1

Q

N∑
NA=0

qA

 ∂

∂qA
qA

(
∂

∂qA

qNA

A qNB

B

NA!NB !

)
qB ,N


qB ,N

=
1

Q
qA

(
∂

∂qA
qA

∂Q

∂qA

)
qB ,N

=
1

Q
qA

(
∂

∂qA
QqA

∂ lnQ

∂qA

)
qB ,N

=
1

Q
qA

(
∂

∂qA
(Q⟨NA⟩)

)
qB ,N

=
1

Q
qA

(
⟨NA⟩

∂Q

∂qA
+Q

∂⟨NA⟩
∂qA

)
qB ,N

=⟨NA⟩qA
(
∂ lnQ

∂qA

)
qB ,N

+ qA

(
∂⟨NA⟩
∂qA

)
qB ,N

=⟨NA⟩2 + qA

(
∂⟨NA⟩
∂qA

)
qB ,N

. (84)

∴ ⟨[NA − ⟨NA⟩]2⟩ = ⟨N2
A⟩ − ⟨NA⟩2 = qA

(
∂⟨NA⟩
∂qA

)
qB ,N

. (85)

∵ ⟨NA⟩ =
qAN

qA + qB
(86)

∴
(
∂⟨NA⟩
∂qA

)
qB ,N

=
N

qA + qB
− qAN

(qA + qB)2
=

qBN

(qA + qB)2
(87)

∴ ⟨[NA − ⟨NA⟩]2⟩ =
qAqBN

(qA + qB)2
=

1

N
⟨NA⟩⟨NB⟩. (88)

4.18
(a) (i)

Ξ =
∏
j

(
1 + e−β(εj−µ)

)
(89)

Let
λ =

√
2πβℏ2/m, z = eβµ, (90)

then
βεj = β

ℏ2k2j
2m

=
λ2k2j
4π

. (91)

βpV = lnΞ =
∑
j

ln
[
1 + eβ(µ−εj)

]
=
∑
j

ln
[
1 + ze−βεj

]
=
∑
j

ln
[
1 + ze−λ2k2

j/4π
]

≈ V

(2π)3

∫
d3k ln

[
1 + ze−λ2k2/4π

]
=

V

(2π)3

∫ ∞

0

4πk2dk ln
[
1 + ze−λ2k2/4π

]
=
V

2π2

∫ ∞

0

dk k2 ln
(
1 + ze−λ2k2/4π

)
(92)
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Let x =
λk

2
√
π

,

βpV =
V

2π2

(
2
√
π

λ

)3 ∫ ∞

0

dx x2 ln
(
1 + ze−x2

)
=
V

λ3
4√
π

∫ ∞

0

dx x2 ln
(
1 + ze−x2

)
=
V

λ3
f5/2(z). (93)

∴ βp =
1

λ3
f5/2(z). (94)

(ii)

ρ =
⟨N⟩
V

=
1

V

(
∂ ln Ξ

∂βµ

)
β,V

=

(
∂βp

∂βµ

)
β,V

=
1

λ3
df5/2

dz

(
∂z

∂βµ

)
β,V

=
1

λ3
df5/2

dz
z (95)

∵
df5/2

dz
z = z

d

dz

∞∑
l=1

(−1)l+1 zl

l5/2
= z

∞∑
l=1

(−1)l+1 lz
l−1

l5/2
=

∞∑
l=1

(−1)l+1 zl

l3/2
= f3/2(z) (96)

∴ ρλ3 = f3/2(z). (97)

(b)

⟨E⟩ = −
(
∂ ln Ξ

∂β

)
βµ,V

= −
(
∂βpV

∂β

)
z,V

= −
(
∂

∂β

1

λ3

)
f5/2(z)V (98)

∵ ∂

∂β

1

λ3
= − 3

λ4
∂λ

∂β
= − 3

λ4

(
2πℏ2

m

) 1
2 1

2
β− 1

2 = −3

2

1

λ3β
(99)

∴ ⟨E⟩ = 3

2

1

λ3β
f5/2(z)V =

3

2
pV. (100)

4.19
(a) Because ρλ≪ 1, z ≪ 1.

ρλ3 = z − z2

23/2
+

z3

33/2
+ · · · (101)

(ρλ3)2 = z2 − 2
z3

23/2
+

(
2

33/2
+

1

23

)
z4 + · · · (102)

(103)

Thus
z = ρλ3 +

1

23/2
(ρλ3)2 + · · · . (104)

(b)
⟨np⟩ =

1

1 + ze−βεp
≈ 1

1 + (ρλ3)e−βεp
≈ (ρλ3)e−βεp . (105)

(c)

⟨|p|⟩ = V

h3

∫ ∞

0

4πp2dp p⟨np⟩ =
4πV

h3

∫ ∞

0

dp p3(ρλ3)e−βp2/2m =
4πV

h3
ρλ3

m2

β2
=
ρV h

πλ
. (106)

Thus
λ =

ρV

π

h

⟨|p|⟩
. (107)
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(d)

βp

ρ
=

1

ρλ3
f5/2(z) =

1

ρλ3

(
z − z2

25/2
+O(z3)

)
=

1

ρλ3

(
ρλ3 +

(ρλ3)2

23/2
+O[(ρλ3)3]− ρλ3

25/2
+O[(ρλ)3]

)
=1 +

ρλ3

25/2
+O[(ρλ3)2]. (108)

ρλ3 lead to deviations from the classical idea gas law because the fermions interact with each other abide by
the Pauli’s principle. When ρλ3 → 0, the distance between any two fermions become large and the exchange
correlation can be ignored.

4.20
(a)

f3/2(z) =
4√
π

∫ ∞

0

dx x2(z−1ex
2

+ 1)−1

=
4√
π

∫ ∞

0

1

2
y1/2dy

1

z−1ey + 1

=
4√
π

∫ ∞

0

1

2
y1/2dy

1

ey−ln z + 1
(109)

We notice that the function 1

ey−a + 1
is a logistic function. When a≫ 1, the function can be seen as a step

function, starting from 1 at y = 0, sharply dropping to 0 at y = a. The integral becomes

f3/2(z) ≈
4√
π

∫ ln z

0

1

2
y1/2dy =

4

3
√
π
(ln z)3/2. (110)

Thus

ln z =

(
3
√
π

4
ρλ3
) 2

3

(111)

Let z = eβεF ,

εF = β−1

(
3
√
π

4
ρ

) 2
3

λ2 =

(
3
√
π

4
ρ

) 2
3 2πℏ2

m
=

ℏ2

2m
(6π2ρ)2/3. (112)

(b)

z
df5/2

dz
= f3/2(z) (113)

Higher accuracy of f3/2(z) is needed. Around y = ln z the logistic function is expand as 1

2
− 1

4
(y − ln z).

Thus we can make an estimate

∆ ∼
∫ ln z

ln z−2

1

2
y1/2

[
1

2
+

1

4
(y − ln z)

]
dy +

∫ ln z+2

ln z

1

2
y1/2

[
−1

2
+

1

4
(y − ln z)

]
dy ∼ O[(ln z)−1/2] (114)

Thus

f5/2(z) ≈
∫ z

1

1

z

[
f3/2(z) +O[(ln z)−1/2]

]
dz =

4

3
√
π

∫ z

1

(ln z)3/2d ln z +O[(ln z)1/2]

=
4

3
√
π

2

5
(ln z)5/2 +O[(ln z)1/2] (115)
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βp =
1

λ3

[
8

15
√
π
(βεF )

5/2 +O[(ln z)1/2]

]
=

6π2ρ

(4πβεF )
3/2

[
8

15
√
π
(βεF )

5/2 +O[(βεF )
1/2]

]
=
2

5
εF ρβ

[
1 +O[(1/βεF )

2]
]

(116)

Thus
p =

2

5
εF ρ{1 +O[(1/βεF )

2]}. (117)

The non-zero pressure at T = 0 is caused by the exchange correlation and is purely a quantum effect.

4.21
(a) Non-conducting electrons:

ρn = 2× ρs⟨n(ε)⟩ =
2ρs

1 + eβ(−ε−µ)
=

2ρs
1 + e−β(ε−εF )

(118)

Free electrons:
ρc =

2

(2π)3

∫
d3k

1

1 + eβ(εk−µ)
=

2

(2π)3

∫
d3k

1

1 + eβ(εk+εF )
(119)

∴ ρ = 2ρs[1 + e−β(ε−εF )] +
2

(2π)3

∫
d3k[1 + eβ(εk+εF )] (120)

(b)
p = 2ρs − ρn = 2ρs

1

eβ(ε−εF ) + 1
≈ 2ρse

−βε+βεF (121)

n =
2

(2π)3

∫
d3k

1

eβ(εk+εF ) + 1

=
2 · 4π
(2π)3

∫ ∞

0

k2dk
1

eβℏ2k2/2m+βεF + 1

=
1

π2

(
2
√
π

λ

)3 ∫ ∞

0

dx
x2

ex2+βεF + 1

=
8

π1/2λ3

(
−π

1/2

4

)
f3/2(−e−βεF )

≈ 8

π1/2λ3

(
−π

1/2

4

)
(−e−βεF )

=
2

λ3
e−βεF (122)

pn = 2ρse
−βε+βεF · 2

λ3
e−βεF =

4ρs
λ3

e−βε. (123)

4.22
Adsorbed atoms:

ρad = ρs⟨n(ε)⟩ = ρse
−β(−ε−µ) (124)
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The chemical potential for the gas:

βµ = lnN − ln
∑
j

e−βεj

= lnN − ln
V

(2π)3

∫
d3ke−βℏ2k2/2m

= lnN − ln

[
V

(2π)3
4π

∫ ∞

0

k2dke−λ2k2/4π

]
= lnN − ln

[
V

(2π)3
4π

(
2π1/2

λ

)3 ∫ ∞

0

dx x2e−x2

]

= lnN − ln

[
V

(2π)3
4π

(
2π1/2

λ

)3
π1/2

4

]

= lnN − ln

(
V

λ3

)
= ln ρgλ

3 (125)

Thus for free atoms:
ρg = λ−3eβµ (126)

Thus
ρad
ρg

= λ3ρse
βε (127)

The results are similar because the models are both a problem of gas-lattice equilibrium.

4.23
(a) Because by definition

CV /kB = β2⟨(∆E)2⟩ = −β2

(
∂⟨E⟩
∂β

)
N,V

= β2

(
∂2 lnQ

∂β2

)
N,V

(128)

If the energy eigenvalues of a system can be written as

E = EA + EB + EC (129)

Q =
∑
v

e−βE(v)

=
∑
v

e−βE
(v)
A e−βE

(v)
B e−βE

(v)
C

=

(∑
v

e−βE
(v)
A

)(∑
v

e−βE
(v)
B

)(∑
v

e−βE
(v)
C

)
=QAQBQC (130)

lnQ = lnQA + lnQB + lnQC (131)

Thus

CV /kB =β2

(
∂2 lnQA

∂β2

)
N,V

+ β2

(
∂2 lnQB

∂β2

)
N,V

+ β2

(
∂2 lnQC

∂β2

)
N,V

=C
(A)
V /kB + C

(B)
V /kB + C

(C)
V /kB . (132)
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Because for zero point energy ⟨(∆E)2⟩ = 0, CZP
V /kB = 0.

(b) Since the zero point energy does not effect the heat capacity, we can select the ground state energy as a
reference.

qele = g0 + g1e
−βε′1 + g2e

−βε′2 (133)

C
(ele)
V /kB =β2

(
∂2 lnQ

∂β2

)
N,V

= Nβ2

(
∂2 ln q

∂β2

)
N,V

=
Nβ2

q

[
∂2q

∂β2
− 1

q

(
∂q

∂β

)2
]

=
Nβ2

q

[(
g1ε

′
1
2
e−βε′1 + g2ε

′
2
2
e−βε′2

)
− 1

q

(
g1ε

′
1e

−βε′1 + g2ε
′
2e

−βε′2

)2]
(134)

(c) neglect the second excited state, and select the ground state as a reference.

e−βε′1 ∼ e−50000/300 = e−166 ≈ 10−72 (135)

qele ≈ g0, (136)

C
(ele)
V /NkB ≈ β2

g0

(
g1ε

′
1e

−βε′1

)
∼ β

g1
g0

10−70 (137)

Therefore can be neglected. Neglect all the excited states gives C(ele)
V = 0. (d) The excited energy states

are hardly populated, thus will not effect the entropy much. Suppose electrons only populate on the ground
state.

Sele =
Eele −Aele

T
=
ε0 + (ln g0 − βε0)/β

T
= kB ln g0 (138)

This result is quite reasonable because the electronic ground state provide Ωele = g0.

4.24
q = qtrans · qrot · qvib · g0e−βε0 · gn (139)

CV /NkB = C
(trans)
V /NkB + C

(rot)
V /NkB + C

(vib)
V /NkB (140)

C
(trans)
V /NkB =

3

2
(141)

qrot =
T

θrot
, θrot =

ℏ2

2I0kB
(142)

C
(rot)
V /NkB = β2

(
∂2 ln qrot
∂β2

)
N,V

= −β2 ∂
2 lnβ

∂β2
= 1. (143)

qvib = [exp(βℏω0/2)− exp(−βℏω0/2)]
−1 (144)

C
(vib)
V /NkB = β2

(
∂2 ln qvib
∂β2

)
N,V

=

(
βℏω0

2

)2
1

eβℏω0/2 − e−βℏω0/2
(145)

C
(vib)
V /NkB ≈ 0.0798 (146)

Because for non-interacting gas particles,

Cp − CV = NkB (147)

Cp/NkB =
3

2
+ 1 + 1 + 0.00798 = 3.50798 (148)

cp = 29.167 Jmol−1 K−1 = 6.968 calmol−1 K−1. (149)
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4.25
For the chemical reaction I2(g)––2 I(g), Denote I2 by 1 and I by 2.

K =

(
q
(int)
1

λ31

)−1(
q
(int)
2

λ32

)2

=
q
(int)2
2

q
(int)
1

(
λ1
λ22

)3

(150)

q
(int)
1 = g0e

−βε0(2II + 1)2qrotqvib/2 (151)

qrot =
T

θrot
, qvib =

e−θvib/2T

1 + e−θvib/T
(152)

q
(int)
2 = g′0e

−βε′0(2II + 1) (153)

θrot = 0.054K, θvib = 310K, λ22/λ1 =
√

4πβℏ2

mI
, MI = 127× 10−3 kg/mol, ∆E = 151 kJ/mol. g0 = 1, g′0 = 2.

q
(int)2
2

q
(int)
1

=
2g′0

2

g0
e−β(2ε′0−ε0)

θrot
T

2 cosh

(
θvib
2T

)
=

4g′0
g0
e−

∆E
RT

θrot
T

cosh

(
θvib
2T

)
=1.132× 10−11 (154)

λ22
λ1

=

√
4πβℏ2
mI

= 6.928× 10−12 m (155)

K = 3.404× 1022 m−3 (156)

K⊖ =
K

c⊖
=

K

NA/(1× 10−3 m3)
= 5.653× 10−5. (157)

4.26
(a)

Ξ =
∑
v

e−βE(v)+βµN(v)

=
∑
N

eβµN
∑

v,⟨N(v)⟩=N

e−βE(v)

=
∑
N

eβµNQN =
∑
N

eβµN
1

N !
qN =

∑
N

1

N !
(zq)N = ezq (158)

where z = eµβ and
q =

∑
j

e−βεj =
V

(2π)3

∫
d3ke−βℏ2k2/2m =

V

λ3
(159)

Therefore
Ξ = exp

(
zV

λ3

)
(160)

(b)
βpV = lnΞ =

zV

λ3
(161)

⟨N⟩ =
(
∂ ln Ξ

∂βµ

)
V,T

=
zV

λ3
(162)

Therefore
p =

z

βλ3
=

⟨N⟩
βV

=
ρ

β
. (163)
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(c)

⟨(δN)2⟩ =
(
∂⟨N⟩
∂βµ

)
V,T

=
zV

λ3
= ⟨N⟩ (164)

∴
√
⟨(δρ)2⟩
ρ

=

√
⟨(δN)2⟩
⟨N⟩

=
1

⟨N⟩1/2
. (165)

For 1cc (V = 1× 10−6 m3) gas at STP (T = 273.15K, p = 1× 105 Pa), N = 2.65× 1019.√
⟨(δρ)2⟩
⟨ρ⟩

= 1.94× 10−10. (166)

(d) Suppose in the observation, the density is normally distributed, ρ− ⟨ρ⟩
⟨ρ⟩

∼ N [0, (1.94× 10−10)2].

For X ∼ N(0, 1),

P (|X| > x) = 2[1− Φ(x)] = 1− erf
(
x√
2

)
(167)

The expansion when x→ ∞ is

P (|X| > x) ≈
√

2

π

1

x
e−x2/2 (168)

Then the probability of observing a spontaneous fluctuation for which the instantaneous density differs from
the mean by 1/106 is

P (|X| > 1× 10−6/1.94× 10−10) ≈ 10−5.76×106 (169)

which means very unlikely.
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