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That is, there is no correlation between occupation numbers of two different single particle states.
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4.2
Since the distribution of free ideal photon gas is
1
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That is to say, at temperature 3, the number of photons at energy ¢ is (n;).
Here, ¢ is the energy of a single photon out of many kinds. From relativity, we know that
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The volume of the phase space
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where h3 is the unit volume of the phase space for 3D system, and the factor 2 stands for two polarizations
(spin states) of the photon. Then the total energy is
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When T' — 0, 8 — 400, Cyy — 0, which is an important feature of the Einstein model.



4.5
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(nin;) =1-P(n;n; =1) = P(n; = 1,n; = 1) = P(a particle is in state ¢ and a particle is in state j) (22)
Let ap; be 1 if particle p is in state ¢ and 0 if not. Then
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Thus
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For ideal identical fermion gas,
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If j =4,
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By definition, the Euler-Maclaurin formula is
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The ground state of the free electron is
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Therefore when V' — oo, the error of using integral instead of summation can be ignored.
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Given poy = 9 x 103kgm™2, Mg, = 63.5 x 1073 kgmol !, it can be calculated that

po/kp = 8.203 x 10* K.
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The series can not have infinitive terms, because as the quantum number n goes to infinity, the average
distance from the nucleus to the electron goes to infinity. Then it is impossible to say that the hydrogen
atoms are not correlated, because the total space is after all finite.



4.12
(i) The original Schrédinger’s equation for the total system is
[Kn(R) + Ke(r) + Uee(r) + Unn(R) + Une(r, R)[Y(r, R) = EY(r, R) (47)

where ¥(r, R) is the total wave function.
In the Born-Oppenheimer approximation, the total wave function is

¥(r, R) = (r; R)x(R) (48)
Form the procedure, we have
[Ke(r) + Uee(r) + Upn(R) + Upe(r, R)]|®(r; R) = Epo(R)®(r; R) (49)

where Epo(R) is the Born-Oppenheimer energy that does not include the kinetic energy of the nuclei, or the
effective potential for nuclei.

[Kn(R) + Epo(R)|x(R) = Ex(R) (50)
The equation (47) then becomes
[Kn(R) + Ke(r) + Uee 1)+ Unn(R) + U R)[Y(r, R)
=[Kn(R) + Ke(r) + Uee(r) + Unn(R) + Un ( R)|®(r; R)x(R)
=®(r; R)Kn(R)X(R) + [Ke(r) + Uee(r) + Unn(R) + Une(r, R)]®(r; R)x(R)
=®(r; R)Kn(R)x(R) + ®(r; R)Epo(R)x(R)
=®(r; R)x(R)E = E¢(r, R). (51)

(ii) Around the point of the crossing point of the excited energy surfaces, the off-diagonal elements in the
total Hamiltonian is as significant as the energy difference of the two states, and no more can be ignored.
Instead, it requires a full decomposition or diagonalization of the total Hamiltonian. This way gives the
“avoided crossing” of the energy surfaces.
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By definition, the Euler-Maclaurin formula is
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Then correspondingly
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For dilute multi-component gas with fixed N4 and Np, which are decided by the chemical equilibrium, the
canonical partition function is
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(a) Because pA < 1, z < 1.
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pA3 lead to deviations from the classical idea gas law because the fermions interact with each other abide by
the Pauli’s principle. When pA? — 0, the distance between any two fermions become large and the exchange
correlation can be ignored.

4.20
(a)
f3/2(2) \f/ dz x* _167“ +1)7!
/ v/ 2dy 1
YTt 1 +1
1
y'2dy 109
\/>/ ey y—Inz | 1 41 ( )
1
We notice that the function P is a logistic function. When a > 1, the function can be seen as a step
function, starting from 1 at y = 0, sharply dropping to 0 at y = a. The integral becomes
Inz
1
f3/2( / Y 2dy = —(ln 2)3/2, (110)
Thus )
3
Inz = (31{%@3) (111)
Let z = efer,
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Higher accuracy of fs/2(2) is needed. Around y = Inz the logistic function is expand as 5~ Z(y —Inz).

Thus we can make an estimate
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Thus 9
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The non-zero pressure at T = 0 is caused by the exchange correlation and is purely a quantum effect.

4.21

(a) Non-conducting electrons:
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Adsorbed atoms:
Pad = ps(n(&)) = poe=P-==1) (124)
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The chemical potential for the gas:
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Py = A 3ePr
Thus
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The results are similar because the models are both a problem of gas-lattice equilibrium.

4.23

(a) Because by definition

Oy /kp = F*{(AB)?) = 62 (@)W =5 (ajagz@)N,v

If the energy eigenvalues of a system can be written as

E=FErs+Ep+ Ec¢

v (v) (v) (v)
I
v

v

() ) )

=QaQBCQc

In@Q=InQs+nQp+InQ¢

62111QA> <321nQ3> 2(32111@())
Cv/kp =B | —5— =z —
v/ks =p ( 52 N7V+5 BlE N7V+B BRE Ny

=C kg + CP Jkp + CL° Jkp.

Thus
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Because for zero point energy ((AE)?) =0, CZF kg = 0.
(b) Since the zero point energy does not effect the heat capacity, we can select the ground state energy as a
reference.

Gele = go + gle_ﬂs,1 + 926_55/2 (133)
9% In 9%In NB2 9% 1 [0q\>
R I CE R R )
07 )y 07 )yy q |08 q\35
_NﬂQ 12 —Beh 12 —Be! 1 1 —pBe] 1 —Bel 2
_— {(9151 e "l Hgoey e 2) - P (9151@ 1+ gagqe 2) (134)

(¢) neglect the second excited state, and select the ground state as a reference.

o~ B~ o—B0000/300 _ ,—166 ~ 1(—72 (135)
Gele = Jo, (136)
(ele) ﬁQ 4 g1 70
) /Np ~ (gla/le_ﬁsl) ~ %110~ (137)
9o 9o
Therefore can be neglected. Neglect all the excited states gives C‘(/Clc) = 0. (d) The excited energy states

are hardly populated, thus will not effect the entropy much. Suppose electrons only populate on the ground

state.

Eele - Aele _ €0 + (hlgo - ﬂg())/ﬂ
T T
This result is quite reasonable because the electronic ground state provide Qe = go-

Sele = = kB In go (138)

4.24
4 = Gtrans * Qrot * qvib ° gOeiﬁEO *gn (139)
Cy/Nkp = CY™) Nk + CU° Nk + C0™ /Nkp (140)
rans 3
O Ny = 2 (141)
T h?
ot = ——,  Brot = ——— 142
Grot 0,0t ot 2okp ( )
0%Ingq 0*Inp3
CUV INkp = 82 [ =t — — 1 143
\%4 / B B 8ﬂ2 N ﬁ 8B2 ( )
Gviv = [exp(Bhwo/2) — exp(—fhwo/2)] (144)
2 2
(vib) o (9% Ingu _( Bhwo 1
Cv " /Nkp =5 ( B2 )NV - < 2 eBhiwe/2 _ o—fBhwo/2 (145)
™ /Nkg ~ 0.0798 (146)
Because for non-interacting gas particles,

Cp—Cv = Nkp (147)

3
C,/Nkp = 3 + 1414 0.00798 = 3.50798 (148)
¢p = 29.167 Jmol ' K™ = 6.968 calmol ' K. (149)
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4.25

For the chemical reaction I3(g)=21(g), Denote Iy by 1 and I by 2.

in -1 in 2 int)2 3
K = 0" ™ _ qg,t) (Al) (150)
w) Un) T B

g™ = goe P9 (211 + 1) grorguin/2 (151)
T efevib/2T

ot = ——, b = 152

Qrot erot 4vib 1 T efevib/T ( )

as™) = goe 0211 + 1) (153)

Oror = 0.054K, O, = 310K, A3/A; = /222 My = 127 x 103 kg/mol, AE = 151kJ/mol. go = 1, g) = 2.

(int)2 /2 _ / )
qs _290 efﬁ(ngfeo)%Qcosh <0‘“b) — 4&67%% cosh <0V‘b>

¢ go 2T 9 T 2T
=1.132 x 107 (154)
2 4 2
X IO G 08w 10712 m (155)
)\1 mr

K =3.404 x 102 m™—3 (156)

K K
K® = =5.653 x 107°. (157)

T ® T Na/(Ix 10 3m?)

4.26

—_ _ (v) (v) _ (v)
2= e SEHONT NN N R
N

v v, (NW)=N
=S N Q= 3N g = 3 ()Y = e (158)
N N N
where z = % and v . v
q= zj:e*ﬂﬁf = @p /dSke*BH R/am e (159)
Therefore
Z =exp (2)\‘3/> (160)
(b)
BpV =Inz= = % (161)
In= z
™= ), = (162
Therefore

(163)



(o) = (552) =S5 = (164)
VG _ TN 1
S R £ R 1)

For lcc (V =1 x 107%m?) gas at STP (T = 273.15K, p =1 x 10° Pa), N = 2.65 x 10%°.

((6p)?)

o 1.94 x 10719, (166)

p—{p)
(p)

(d) Suppose in the observation, the density is normally distributed, ~ NJ0, (1.94 x 10719)2].

For X ~ N(0,1),

P(IX|>2) =21 - ®(x)] =1 —erf (\%) (167)

The expansion when x — oo is

21
P(X| > z) ~ fe—mz/Q (168)

™

Then the probability of observing a spontaneous fluctuation for which the instantaneous density differs from
the mean by 1/10° is
P(|X|>1x1079/1.94 x 10710) & 1075-76x10° (169)

which means very unlikely.
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