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5.1

E, = —JZSZ'S]‘ (1)
(i)
When all spins are in the same direction, the total energy become lowest. Now the problem becomes counting
the neighbouring pairs. One spin site has 2D neighbours. Thus there are 2D x N/2 = ND pairs. Thus
Ey=-DNJ.
For a 2D triangular lattice, one spin site has 6 neighbours. Thus the ground state energy is Fg = —3NJ.

5.2
At T =0,
N
(M) = Z,usi =+uN (2)

The spontaneous magnetization can be either positive or negative, which are equivalent.

5.3

For 1D open Ising chain with N sites,

Q=> > "> exp (m?j sism)

S1 S2 SN
N-1
:ZZZ H exp (8Js;Si+1) (3)
S1  Sa sy =1

Instead of considering the value the lattice sites s; take, we consider the bond values s;s;. There are
N — 1 independent bonds. Now we prove the equivalency of summation over all site configurations {s;} and
summation over all bond configurations {s;s;+1}. One site configuration can naturally completely decide one
bond configuration. But one bond configuration may corresponding to two site configurations. If we hope
to obtain only one site configuration, we have to provide one site spin additionally. However, these two site



configurations from one bond configuration have the same energy under zero field.

N-1
QZQZZ... Z Hexp(ﬂ]«%&q—l)

5152 5253 SN—-15SN t=1

N-1

=2 H Z exp (BJsisi+1)
i=1 |sjsip1==%1
N-1

=2 | [ [2cosh(B.J)] = 2% [cosh(B.J)]V 1 (4)
=1

For N > 1,
Q = [2cosh(BJ))V. (5)

For 1D Ising chain with N sites under periodic boundary condtion,

N-1
Q :ZZ . ZeXP (ﬂj Z 3i5i+1> exp(BJsns1)
SN i=1

S1 S2
N—1
=2 Z Z e Z H exp (8Js;8i+1) exp(BJsns1)
8182 8283 SN—1SN i=1

=2 Z Z o Z 1:[ exp (8J5:8i41) %{[GXP(ﬁJ) +exp(—BJ)] + sysilexp(B8J) — exp(—=BJ)]}

S182 S283 SN—1SN i=1
N-1
=[2cosh(BJ)N + Z Z e Z H (8i8i4+1)exp (BT 8;8i+1) 2sinh(BJ)
S182 S283 SN—1SN 1=1
=[2cosh(BJ)|N + [2sinh(BJ)]Y (6)

For high temperature 5J — 0, and large N,

Q = [2cosh(87)]". (7)

5.4

For a lattice gas model

(1]

N
= Z exp ﬁ,uan —&—BEanj (8)
i=1 (ig)

ny,-,ny=0,1



Let s; = 2n; — 1, and D be the dimensionality. Suppose N is the number of the cells.

(1]

=Y e ﬁuZSZ“wZS’Hs];l

s1,,sy=1,—1 (ig)
N
= Z exp ﬂﬂzl—&-%—l——z(&s]—i—sl—i—sj—l—l)
81, ,SN <1J>
N € NDpge
= 3 ew ﬂ“z O DMIELS Y
S1,7",SN L (ij)
i N
NBu NDBe\ (De+p)B Be
= ) o ( 2M+ 4 )+( QM) D_sit D s )
81,** SN L =1 <’Lj>

Since a constant coefficient does not change the partition function physically,

N
E= ) exp WZ Z+—Zssj . (10)

S1,° SN
Comparing to the partition function of a N-site Ising model,

De +p
2 i

H[I,M:

5.9

If we make the gravitational field cancel out the (De + p)3/2 term in the equation (10), then the lattice
gas model is equivalent to an Ising model with zero external field. In such a case, it is equivalent to treat
the occupied cells as gas particles, or to treat the blank cells as gas particles. Thus there is a symmetry in
term of the occupation ratio, or the density. Under a certain condition (a certain set of parameters), both
a high density phase and a low density phase can be stable. This should be understood as the liquid-gas
equilibrium.

5.6
(i) Tt is easy to see
1 1
tanh™*(z) = §ln <1tz> (12)
Thus from m = tanh(5Jzm) we get
1 1+m
Thus ) )
+m
= 1 . 14
p 2szn(1—m> (14)
(ii) By Taylor expansion,
B = L lom s 2t O(m®)| = I P O(m*) (15)
- 2Jzm 3 - Jz 3



2 o _ 1 _ B B Bc
m* ~ 3(8Jz 1)—6DJ<6 2DJ>_3( 3 ) (16)
Thus it is clear to see that the critical exponent S (not the temperature) is %
(iii) When T' — 0, 8 — +oo0. It is far away from the critical point, thus the expansion above cannot be used.
Thus we go back to the equation m = tanh(SJzm).

First we assume m > 0. When § — 400, 8Jzm — 400, then m = tanh(8Jzm) — +1. m = +1 does not
conflict with our assumption. Then we assume m < 0. Similarly we get another solution m = —1. Thus the
mean field theory gives m = +1 at T' = 0.
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Figure 1: Temperature versus magnetization of the mean field result of the Ising model.

5.8
(i) X )
(E) = —HuN (s;) — §NJ2<sisj> =—HuNm — §Nsz2. (17)

(ii) When T > T, namely T > Jz/kp, the only solution for m is zero. This prediction for m is correct,
since we know that when the temperature higher than 7T, the system becomes disordered, and |M| = 0.
However, the prediction for (E) is not correct, being zero when m = 0. It should be non-zero because there
are spin-spin interations.

5.9

From figure 2 it is obvious that e* > 1+ z for all real x # 0. When x =0, e* =1+ 2z = 1.

5.10

Because
Q= Qurexp(—B(E — Epmr)mr) (18)
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Figure 2: Several functions.

and A= -3~ 1InQ,

AL B ' (ImQur — BE - Evr)mr) = Aur + (B — Exr)ur = Apr

where
Apr = —ﬁ_l IDQMF.

Therefore the first order perturbation free energy Apr is an upper bound to the exact free energy.

5.11
(i)
a%H Ourr exp(—BIAR) i) = (%iﬂg) exp(~BIAE) vF) + Qurr (8§Hexp(/3<AE>MF)>
88%‘? =N{2cosh[Bu(H + AH)[}"~"2sinh[Bu(H + AH)]Bu

=NQur tanh[Bu(H + AH)|Bu
=NBuQumr(s1)mr

O(=BAE)uF)
OAH
8<81>

— exp(—BAE) i) BN [<2Jz<sl>MF RN u<sl>MF]

AL exp(—B(AE)pr) =exp(—B(AE) mF)

Thus
8<81>

MLHQMF exp(—=B(AE)mr) =NBQurF exp(—=B(AE) mF) |:,U/<51>MF + (2J2(s1)mr — pAH)
O(s1)

=NpBQumr exp(—B(AE) pF)(2J2(s1) mF — pAH) IAH

Because

aAiHQMF exp(—B(AE)yr) =0

onH "

(19)

(20)

(23)

<31>MF]

(24)

(25)



2Jz(s1)pr = pAH.

(if)
Apr = —B"mQur + (AE)yr = =87 ' InQur — N[Jz(s1)3rr — J2(s1)3r] = Amr.
Thus Ayr = =8 ' In Qs is the upper bound to the exact free energy.

5.12

(a) Since we hope to find K’ and f(K) that satisfy

eK(s+s/) + efK(s+s/) _ f(K)eK/ss"
namely
K
Incosh[K (s + s")] = In f(2 ) + K'ss'
for every combination of s and s’. Then we get two equations from s = s’ and s = —s’, respectively.
K
ln¥ + K’ =Incosh 2K,
K
In % - K' =0.

Then the solution is 1
K’:ilncoshQK, f(K) = 2cosh?(2K).

(b) Suppose the logarithm of the partition function can be expressed as

InQ(N, K) = Ng(K).

Because

QUE,N) = [f(K)]"*Q(K', N/2),
or

InQ(K,N) = %Mf(K) +InQ(K',N/2),

we get

Ng(K) = 5 In f(K) + 5 g(K")
Thus

9(K') = 29(K) —In f(K)
Having equation (32)
g(K') = 2g(K) — In[2 cosh'/? (2K))]

(¢) From equation (32) it is easy to obtain

_ 1 -1 ( 2K’

K= 5 cosh (e ) .

(d) From equation (38) and (39)

1 1 1

g(K)==g(K') + 3 In[2 cosh/?(2K)] = Qg(K/) + §K'.

(e) Since

1 1 14 e 4K 1, (1+eK
r_ - — — 2K7 — — -
K = 2lncosh(2K) 2ln (e 5 > K+ 2111( 5

Because K = J/kgT >0, e ¥ <1, In[(1 + e %£)/2] <In1=0. Then K’ — K < 0. Therefore K > K'.

(41)



5.13

(i) Using RG equations (a) and (b): (ii) When using (a) and (b), suppose initially we have an error A to our

starting g(Kp). Then

9" (K1) =2[g(Ko) + A] = In f(Ko) = 2[g(Ko)] — In f(Ko) +2A = g(K1) +2A
9" (K2) =2[g(K1) 4+ 2A] — In f(K1) = g(K3) + 2°A
9" (K3) =2[g(K2) + 2°A] — In f(K3) = g(K3) +2°A

g*(Kn) :g(Kn) +2"A.

When we use (c) and (d), similarly, suppose we have an initial error A to g(Kj). Then
1 1 1
9" (K1) =5[9(Ko) + Al + 5 In2 + Ko/2 = g(K1) + 5A

1 1 1 1
9" (K2) =5 [g(K1) + SAl+ 5 In2 + K1 /2 = g(K>) + 5 A

1

9" (K3) =5

5.14

From the group of equations,

or equivalently,

ln cosh(4K) :ln@ +2K; + 2Ky + K3,
In cosh(2K) zln@ — K3,
Ozln@ — 2K + Ks,
Ozln@ — 2K +2K5 + K3,

Combining equations (56), (58), (59) makes

ilncosh(ZlK) = ln@ + K.

Then

K 1 1
In % =3 In cosh(2K) + 3 In cosh(4K),

1 1
Ks = 3 Incosh(4K) — 3 In cosh(2K).

1 1 1
[g(KQ) + ?A] + 3 In2 + K2/2 = g(Kg) + 2*3A



K

grc(K)

9Ezxact (K)

10.0
9.653426409720028
9.306852819440056
8.960279229160085
8.613705638880113
8.267132048600141
7.92055845832017
7.573984868040206
7.227411277760268
6.880837687480435
6.534264097201019
6.187690506923274
5.8411169166522106
5.494543326407876
5.147969736270454
4.801396146560686
4.454822558561531
4.10824897740483
3.761675423617939
3.4151019793102573
3.068528972918852
2.7219577181836025
2.3753934699297927
2.0288572453109777
1.6824330785926718
1.3364565580585992
0.9922613073470282
0.6550453340100678
0.3436029520794297
0.10979505396385585

0.011959300403773162
0.00014301123081965402
2.0452211838811944e-08
4.440892098500624e-16

0.0
0.0
0.0
0.0
0.0
0.0
0.0

10.0
9.653426409720028
9.306852819440055
8.960279229160081
8.613705638880104
8.267132048600121
7.9205584583201265
7.573984868040101
7.227411277759989
6.880837687479598
6.534264097198232
6.187690506913245
5.841116916614333
5.494543326260846
5.147969735691293
4.801396144261954
4.454822549402431
4.108248940840087
3.76167527750229
3.4151013951343776
3.068526636789958
2.721948374836368
2.375356099182998
2.028707772495073
1.6818352858375287
1.3340668330565126
0.9827251782060518
0.6172578418420904
0.19776555104480598
-0.40741113243418925
-1.519928745832097
-3.7331476834549586
-8.159442567922074
-17.012032316404095
-34.71721181336814
-70.12757080729622
-140.9482887951524
-282.58972477086473
-565.8725967222894
-1132.4383406251386
-2265.5698284308373

10.000000002061153
9.653426413842336
9.30685282768467
8.960279245649314
8.61370567185857
8.267132114557056
7.920558590233993
7.573985131867835
7.227411805415456
6.880838742790533
6.534266207820101
6.187694728156983
5.84112535910181
5.4945602112358
5.148003505641199
4.801463684161768
4.4549576292020605
4.108519100439345
3.762215596700806
3.4161820335314093
3.070687913584021
2.7262709284244937
2.3840012063592497
2.045997986847577
1.7164157145425365
1.4032276904665284
1.1210468930260833
0.8939012714821537
0.7510524103249323
0.6991625861260634
0.6932186912884081
0.6931471907860515
0.6931471805599455
0.6931471805599453
0.6931471805599453
0.6931471805599453
0.6931471805599453
0.6931471805599453
0.6931471805599453
0.6931471805599453
0.6931471805599453

Table 1: RG flow from high K to low K for a 2D Ising model.



. f(K) = 2cosh?(2K) cosh'/8 (4K).
From equations (58) and (60) we get K»

Ky = % [lnf(ZK) +K3:| = élncosh(4K).

Then from equation (59) we get K

1
K =2K, = Zlncosh(llK).

5.15

Once we use the approximation

K ZSiSj + Ko Z S1Sm ~ K’(Kth) ZSZ'SJ‘
(i5) ({im}) (i5)

and neglect K3 and Ky,

QUK. N)~ [f(K)N? Y exp | K'(K1,K2) Y sisy | = [f(K)V2QK'(Kq, K»), N/2]
N/2 spins (i5)

Then
9(K) = N~ QUK. N) = LI f(K) + N~ nQI(K'(Ky, Kz), N/2] = 5 In J(K) + 5g(K")

If we keep using the expression (63), we get

g(K') = g(K) — %mp cosh'/?(2K) cosh'/8(4K))].

5.16

From figure 3 we can see when K > K., K’ = %lncos(élK) > K; when K < K., K/ < K.

5.17
From 3

K' = 3 In cosh(4K)
we get

_1 -1 ( 3K'/8

K= 1 cosh (e ) .
From
g(K') = 2g(K) — In[2(cosh'/?(2K) cosh'/® (4K)]

we get

(65)



3/8 In cosh(4K)
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Figure 3: Comparison of K and 3/81ncosh(4K). The non-origin crossing point is at K = K.

5.18
Because I . ;
T-T|=—|——-——|= K- K, 4
| el kp ‘K K. kBKKc| el (74)
when T' — T,
Cx|T—T| “x|K—-K]|™“ (75)
Thusde >0
9"(K) = AIK — K|~ + O(|K — K |7%"*) (76)
and then
g(K) = A'|K — K|~ + O(|K — K |~***2). (77)
1
9(K) = 59(K’) + h(K') (78)

A|IK - K| "+ O(|K — K| *T) = A'|K’ — K| *"™ + (K") + O(|K' — K .|~**%2)  (79)

When T — T,, K — K., K' — K., h(K') = h(K,.). Since |K — K.| — 0, we have |[K' — K.| — 0 and
|K — K'| = 0.
1

K = K77 = S| = K[ (80)
dK’
K ~K,+ —— (K - K,) (81)
dK |k,
Therefore
dK’ —a+2
=2 (82)
dK |k,
!
—a+2:1n2/ln 4K (83)
dK |k,
!
a:2—1n2/1n K (84)
dK | p_g.

10



dK’' 3
i §tanh(4K) (85)
Thus -
= 1.4489 (86)
dK |k,
a = 0.1307. (87)
5.19
Suppose the eigenvalue is A. Then
A AL 2 a2
‘—A —/\‘)‘ AT=0 (83)
The solution is
A=+A (89)

Suppose the eigenvector is (1, k). For A = A,
0 1 1 1
21 ) (1) == ) o0

k=¥l (91)
Thus the eigenvectors are (1, —1) corresponding to A = A and (1, 1) corresponding to A = —A.

The solution for & is

5.20
o~ (B/P)(Hy—m8)

1 (5) - me)+ 5 (ﬁ)(% —mé) (Ao —m&) + 0

()]

2 2 2
= (L) ots () me s L (2) o4 5 (2) wier - (LY tome s memy 0

()]

P P P 2\ P
(92)
o~ (B/P) (o —m)
o (2 A+ L 2 2jf%ro AN 1+ s mé + = s 2m2£’2+0 AN
- P)7 T2\ P 0 P P 2\ P P
2 2 2 3
- —<1€) Jfﬁ—l—(ﬁ) mzf—i—;(ﬁ) %2—1-;(12) m2<§’2—(£> mé& 7 + O (ﬁ) (93)

11



Thus

o~ (BIP)AHo—m&) _ ,—(8/P) (Ho—m)

2 2
1<5> (HmE + mEH) + (g) mé& 7 + O

(5)

2
__ % <5> (Smé — mEAG) + O

(5)

<B>2 [, m&) + O

5.21
(a) Denote
g-1,-1=exp(—h + K), g-141 =exp(—K), qy1,-1 =exp(—K), gqi141 =exp(h+K).  (95)

Thus
1
Usi 5041 = €XD [Qh(si + 8i41) + K5i3i+1:| (96)

TI-<qN): Z qi\i}sl _ Z <Z qSLqug’_Si> = Z Z (Z qs1,szQs2,s3qé\3{,_S?> =...

51::‘:1 81::|:1 Sz::tl 81::&1 SQ::l:l Sg::tl

E Qsy1,529s2,53 """ Qs ,s1

81,82, SN

N N
Gsi,si+1 = exp lh(sl + Si+1> + K8i8i+1
2

81,82, ,SN 1=1 81,82, ,SN 1=1

N
Z exp [Z(hsz + K8i8i+1)]

51,82, i=1
—Q. (97)
(b) According to the properties of trace operation, if A, and A_ are the eigenvalues of q,
Q =Tr(q") = Y + V. (98)
(c¢) The eigenvalues of q are
- (—\/(62h —1)% e 2hH2K | 42K 4 IR | e_h+K>
2
— — \/sinh®(h)e2K + e 2K + X cosh(h), (99)
Ay :% (\/(6% —1)% e 2h 42K | 42K | hHE eh+K>
:\/Sinhz(h)BQK + e—2K 4 X cosh(h). (100)
Because A\; > A_, in the limit N — oo,
In@ . 12 _
~ = Ind\; =K+1In [ sinh®(h) 4+ e=4K + cosh(h)} . (101)

12



0 InQ [sinh2(h) + e~4K] e sinh(h) cosh(h) + sinh(h)

(s) = o2 = (102)
oh N sinh?(h) + e=4K + cosh(h)
5.22
(a) Suppose
QUK. h, N) = [f(K, h)**Q(K', I, N/2). (104)

After the summation of half of the s; variables,

1 1
QK h,N)= ) {GXP [2h(51 +53+2)+ K(s1+ 83)} + exp |:2h(51 +53—2) = K(s1+ 83)} } e
81,83,85" "
(105)
Plug the expression of the partition function in,

1 1 1
exp {Qh(sl +s3+2)+ K(s1 + 53)} +exp {2h(51 +53—2)— K(s1+ 33)} = f(K,h)exp [Qh/(sl + s3) + K’5183:|

(106)

exp(2h + 2K) + exp(—2K) = f(K,h)exp(h' + K') (107)
exp(2h) + exp(—2h) = f(K,h)exp(—K") (108)
exp(—2K) + exp(—2h + 2K) = f(K,h) exp(—h' + K') (109)

or equivalently

K, h
In 1 27 ) _ K’ =1ncosh(2h) (110)
K, h
ln¥+h'+K’:h+lncosh(h+2K) (111)
K
IDM —h'+ K' = —h + Incosh(h — 2K) (112)
The solution is
K, h 1 1 1
In i 2’ ) =3 In cosh(h) + ! Incosh(h + 2K) + i In cosh(h — 2K) (113)
1 1 1
K' = -5 In cosh(h) + 1 Incosh(h + 2K) + 1 In cosh(h — 2K) (114)
1 1
h' =h+ §lncosh(h+2K) — §1ncosh(h—2K). (115)
. J(K, h) = 2cosh?(h) cosh'/*(h + 2K) cosh'/*(h — 2K) (116)
(b) When h >0, b’ > h; else if h < 0, i/ < h. K’ < K except for h = 0, where K’ = K.
(¢) Towards an opposite direction of flow, we need to obtain the recursion relation K = K(K' k') and
h=h(K' 1"). Also,

9K, ) = (K", W) + 3 f(K, ) (118)

13



K h

1.0 1.0

0.46888691852368947 1.937773837047379
0.022260181862292203  2.813670795161046
7.08524842038289%¢-06  2.857871510136488
6.570299859723043e-13  2.857885587592979
0.0 2.857885587594285

Table 2: RG flow from high K to low K.

K

h

g

6.570299859723043e-13
1.3136158827330341e-12
2.6271207431567043e-12
5.2541304639833414e-12
0.00002003527203884589

0.03638530319923742
0.5272495462661136
1.0424305678118018

2.857885587592979
2.8578855879906375
2.8578855887856855
2.8578855903757145
2.857845782939464
2.7856288893140007
1.826350352112819
0.9365453832540873

2.861
2.8610868927640976
2.8611303395410603
2.8611520637193366
2.861143152777907
2.82529527237417
2.3568108509064443
1.9817674540137156

Table 3: RG flow from low K to high K.

This can be done by solve the equations (114) and (115) numerically, or equivalently, solving h, K from
e4K’ (ezh +€—2h +2) — eZh +e—2h +€4K +€—4K (119)
o2 =2k (€2 4 €M) = e2hetK 11 (120)

To obtain an approximate value of g(1,1), first start from K = 1.0, h = 1.0. We use RG equations (114)
and (115). Then we start from K = 6.570299859723043¢ — 13 and h = 2.857885587592979, implementing a
backward RG flow. g(6.57 x 10713, h) ~ g(0,h) = In[2 cosh(h)]. Thus the starting g(K,h) = 2.861.

From table 3 we know an approximate solution for g(1,1) is 1.982.

5.23

(a) Since n; = (s; +1)/2, V=N

D BUAEED PRl P

P = N (121)

7 i

(b) Shown in figure 4.

5.24

(a) (b) The ground state is that both two atoms are on the same side of a partition in every cell. The energy
is zero and the degeneracy is 2. Another state is that two atoms are on opposite sides of a partition in every
cell. The energy is Ne and the degeneracy is 27.

(c) Obviously, the partition function is

Q=2+ 2Ne AN, (122)

14
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Figure 4: T-p coexistence curve of the 2D lattice gas model from the mean field theory.

(d) The free energy per particle is

1 1
a—fNi/Ban—fNiﬁh’l

2+ (ei) N] (123)

When €% > 2, or e > In2, asN—>oo,a—>—Niﬂln2—>0. When Be < 2,as N — 00, a = —3 ' In2 +e.

Because oo 98A
n
E) = =— 124
=008 ~ o8 12y
at Bo =1n2/e, (E) is discontinuous.
© i
Ty = . 12
0" kphn2 (125)
5.25
For the Ising model under zero field, the average total energy from mean field theory is
1
(E) = —§Jsz2 (126)
When Jz <1, m=0. (E) =0. Thus C =0. When 8Jz > 1, m is decided by 3
1 1+m
P 2szn(1—m> (127)
Notice that when AJz — 11T, m — 0F.
dg 1 14+m 1
[l 1 . 1
dm 2Jzm? n(lm) + Jzm(1 —m?) (128)
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2<> 2 dm
— kB 93 =kp BJsz%

-1
1 1, /1l+m 1 1+m 1

=k 1 JNzmJ ——1
1" e, <1m) = zm[ 2mn(1m>+1m2]

1 1+m 1 1+m 1 1t
—~Nkpln? [ /) |- =1
4 k5l <l—m>{ mn(l—m>+1—m2}

(129)
-1
1 1 1 1
lim C = lim C—kaB lim In? _tm ——1In tm +
BJz—1+ m—0+ m—0+ 1-m m 1-m 1—m?2

In conclusion, the heat capacity just below the critical temperature is %N kg, and just above the critical
temperature is 0.

5.26
(a)
Q= / e Q)

oo P
_ —BE? /20 1 P/2 o )
/_(><> d&e Ph_r}noo Z(EA) exp lZ(f@ulqu + epdu;)

{u;} i=1
P o , P
T P/2 . —B&% )20 ,
7Ph~1>noo (eA)"/“exp [Z(HUZUI—H)] [m dé&e exp lZ(euguz)
{ul} =1 =1
F 2no o F ’
— T P/2 AL it — .
_Ph_{nOc {Z:}(EA) exp [2(5u1u1+1)1 3 exp % <2(5uu1)>
P P 2
|27 P/2 s <z
Ph_r>nOO Z(sA) exp [Z}(/ﬁuzuzﬂ ] exp <§; € )
{u;} i= i=

270 P/2
=/ = 5 Ph_{nOO (eA) Zexp Zﬁululﬂ—k >p7 Zuu] (131)

{ui} 1,j=1

(b) (i) Evaluating Q(&). Using the result of the isomorphism to a quantum two-level system, which is
introduced in section 5.8 in the textbook,

“U

Q(&) = lim Y (eA)"Pexp Z Kuitiy1 + epéu;)

P—oo

{us}

—2 cosh (6\/A2 + /ﬂé”?) (132)
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(ii) Show the Gaussian weighted integral over & that gives @ is a non-analytic function of o when 8 — oo.

_ [ _pe?j20 1 0Q(S)
m—u<u1>—/_oodé"e 2 Qia(ﬂé’)

[ d&e=¢% /1279 sinh (5 AZ +u2€2) Iy

o0

=
[Z_d&ePE%/202 cosh (6\/A2 + /ﬂén)

When g — oo,

[ déexp (_552 /20 + B\/AZ + ,ﬂg?) u& | JAT 1 282

m=pu
[ dé exp (—552/20 + B/AZ ¥ u2é"2)
Define the function
” VB exp (—552/20+ﬁ\/A2+u2<§’2)
w(&) =

2. dé/Bexp (—5@@2/20 +B/AT T u2£2)

Then - 2
m = u/ dEw(&) a

. /A2 1 (262

When 8 — oo, w(&) becomes a delta function. It peaks at &%,

| A2
gﬂ::i 02#27?

2 o
A

op

if 022 > ﬁ—;, namely N > 1. Then m # zero. Else if <1, m=0.

5.27

(a) Using the result of Exercise 5.21,

Q(h;B,N) = e PNI? /20 exp <N |:BJ +1In {cosh(ﬂh) + \/sinhQ(ﬁh) + 6451}]>

A(h; B,N) = -1 InQ(h; 3, N) = Nh?/20 — N [J + 1 In {cosh(ﬁh) + \/sinh2(ﬁh) + e—‘mJ}] .

B
(b) inh(Bh h(Bh
oh cosh(Bh) + sinhz(ﬁh)+e—4/3J
h [coshwh) /s am e_W} _ cini(gh) 4 _Sh(8A) cosh(8h)
7 \/sinh?(8h) + ¢~45
Let

smh(ﬁh) + \/W

cosh(Bh) + \/ sinh?(Bh) + e—487
1(0) = pe=?

f(h) =

17

(133)

(134)

(135)

(136)

(137)

(138)

(139)

(140)

(141)

(142)

(143)



According to figure of the function f(h), if f'(0) > %, then h has two non-zero solutions. Because when given

o and J as constants,
ope??’ >1 (144)

gives B > constant. Therefore above some value of 3, the free energy becomes a bistable function of h.
(c) The critical temperature should satisfy

2
kBTczanp<k ‘;) (145)
Blc
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