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7.1

Since the partition function for N indistinguishable particles is

Q= v / drNdp" exp[—3.(x™, pV)] @)

of which the N!in the denominator comes because of the degeneracy of the states if the particles were treated
as distinguishable. By analogy, the degeneracy of the states of three kinds of distinguishable particles should
be NA!Np!N¢!. Therefore the partition function should be written as

1
Q= NAIN N NAT Vs N) /drN/de exp[—B4 (™, p™)]. (2)
7.2
Since # = K(p™) + U(r"),
f ) BN en[SK(MUG)
P = iV dpN expl AN, pN)] [ drNdpN expl-BK (pM)U ()
__ exp[-BE(p")] exp[—BU (rV)]
J dp® exp[-BK (p")] [ dr™N exp[—-pU (rV)]
=o(p™)P(r") (3)
where
Ny _ eXP[—ﬂK(PN)]
2 [ dpN exp[-BK (pV)]’
ny exp[=pU(N)]
PO = T expl=p0 ()]
(4)
7.3

The canonical partition function is

Q

/ dp™ expl— K (p")] / dr¥ exp[-BUGEY)].  (5)

1
/drNde exp[—BA(xN,pN)] = NN

1
T N3N

The ideal gas partition function is

N
Quien = sy [ a0 expl-6K V)] [[ar¥ = oo [ dpY expl- 5K (") ()



Thus

Q= Qideal% /drN eXp[*ﬂU(I'N)] = QidealQcon (7)
where )
Quon = i [ ™ expl-pU V)] ®)
7.4
(i)
(Ip) :fdp\p|exp(—ﬂp2/2m) _ 4 fooo dp pexp(—pFp?/2m)
Jdpexp(=Bp?/2m)  23[[F dpexp(—Bp?/2m)]?
_87rm2 1 T\ o _ ml/2 _ [8kpTm
T s (\/ ) o
(ii)
<p2> _ 8 fOOO dpwpi eXp(_ﬂpi/Qm) fooo dp’l} eXp(—ﬁpi/2m) fOOO dpz eXp(—ﬁpz/Qm)
! 8y~ dpexp(—Bp?/2m)]?
_Jo" dpap? exp(—pp2/2m) _m _
~ J dpexp(—pp?/2m) B mksl: (10)
Thus
(%) = (03) + (py) + (p2) = 3mkpT. (11)
7.5
Because for a classical system,
N ) 21\ N 3,33 N
st f )" (o [ aen ]} - ()
(12)

Q :W/dpjv exp[—ﬁK(pN)]/drN exp[—BU (rV)]

1 (\/W>3/dr]v exp[—BU (rV)]

“N! h
Z%A;S / dr™ exp|— AU (xN)]. (13)
Here the thermal wavelength is ,
Ar = \/W. (14)
7.6
Suppose the average speed of the particles is v, then the average relative speed is
u? = |vy — va|* = v} +v3 — 2v1v9 cos(fy — 0;) = 20° (15)
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Thus u = v/2v. According to the scattering theory, the frequency of collision is
1= pSu (16)

where S = mo? is the cross section of the particles and u is the relative speed. Then the mean free path is

vt v 1
= - = . 17
pt pro2\/2v 2mpo? (17)
For the liquid that has po® ~ 1,
V27w o
~ , AR —. 18
pR— Ton (18)
For the ideal gas, p = kBLT’
2mpo? kgT
o= \fﬂ'p()’ v A B (19)

kgT - V2mpo? '

Around T = 273K, p = 1bar, assume o ~ 10710 m, then p; ~ 10'%, g = 10%v, and the average speed v is
at the same magnitude. Thus \;/\, ~ 1074

7.7

The triple point of nitrogen is T = 63.1526 K, p = 12.53kPa. m = M /N4 = 4.652 x 10726 kg.
h

M= ————=4.151 x 107" m = 04151 A < 0 =~ 4A. 20
r V2rmkgT . m 7 (20)
7.8
27 ™ T T
n(r) :/ dd)/ d9/ 2 cos Og(r)dr’ :47r/ 2 g(r")dr’. (21)
0 0 0 0
7.9
_ o\ 12 AN 9 _ 1\° 1
u(r) = 4e [(r) — (;) ] =4e(a” —a) = 4e [(a — 2) — 4] (22)
where .
o
Since u is a quadratic function of a, the minimum is located at a = % Thus r¢ = 2'/5¢ and u(rg) = —e.
7.10
p? N N
(B) =N <2m> + < ) u(rij>> + < > (- - rz>> (24)
i>j=1 i>j>l=1
N 1
< ) U(nj)> =5 [ drpg(rutr) (25)
i>j=1



N
< Z (3)( —Tr;,r —rl)> - N(N_l)(N_z) <’U,(3)(r1 —r2,r2—r3)>

A 6
i>5>1=1
1

(u(3)(r1 —TIy,I's —I3)) =

Thus

N
1
< Z (3)( —r;,r; — rl)> =5 // drldrgdrgu(3)(r1 — I, Ty — r3),0(3/N)(r1,r2,r3)

i>j>1=1

Similar to the definition of g(r;;), we can define

9(3) (Tij, le) = P(B/N)(I‘l, 1“271?3)/03

Then
a 1
< Z u®(r; — 1,1 — I‘z)> :év// driadrazu® (r12,723)g®) (r12,723) 0
i>j>l=1
1
ZENPQ //dr12d1‘23U(3)(7‘1277“23)9(3)(7’1277“23)-
Thus 5 . )
<E>/N = QkBT—i_ ip/drg(r)u(r) + sz // drlgdr23u(3)(7’12,T’Qg)g(g) (7’12,7“23).
7.11

When U (r) is pair decomposable,

N
= 2 ),

Bp = —ln/dr exp[—pU(r —ln/drN H exp[—Bu(ri;)]
i>5=1
P N
N N
Wln Vv /dx H exp[—Bu(ri;)]
1>j5=1
N

8V ln/dx H exp[—pu(ri;)]

i>j5=1

NN -1 (N =2) /dl"1 /drg/drgu(?’)(rl —ra, 19 — 13)p®/ M) (1), 12, 13)



Thus

7.12

Insert g(r) ~ exp[—Bu(r)] into equation (35),
Bp =p — %p? /drefﬁu(r)u’(r)r
=p— 66'02/ (—;) r-vV (eiﬁu(r)) dr
P’ u
:,0+E/r-v< —Bu(r) )dr
=p+ pj [ /drf Vr}
2
=p+ % [—3/drf(r)]

—p- 2 [ (o)

7.13

(36)



(ii) For a square well system,

g 0', 2 2
By(T) = —27 l/ r2(—1)dr —|—/ r? (efe —1) drl = ?ﬂa?’ - % (e —1) (o7 - 0%).
0 o
The Boyle temperature is decided by Ba(Ts) =0. S = 1/kpTp. Then
2 2
?ﬂ-a?’ — ?ﬂ (eﬁBE —-1) (0’3 03) =0
0.13
eﬁBE = o83 — o
1 0./3
Bp = g1n0/3 — o3
7.14
By(T)o®
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Figure 1: By(T) for a Lennard-Jones fluid.

7.15

Figure 2: Wave vector addition.

(39)



2
Since |Kin| = |kout| = —, according to figure 2,

2w . 0 4T . 0
ka)\—msa §f)\—insm§. (43)

7.16
S(k) = ler/drg(r)eik'r =142mp /O7T do /OOO r? sin&g(r)eikrcosedT =1+427mp /000 2812£kr) r2g(r)dr (44)
L Sk)=1+ 4%0 sin(kr)rg(r)dr. (45)
0
7.17
We start from
dlnQ» . de‘NA de‘NS(—ﬂUAs) eXp(—,@Us — B/\UAS) (46)
dA\ o de‘NA de‘NS eXp(fﬂUs — ﬂ)\UAs)
Because
Na Ns
Uas(r™s,xM4) = >3 "ugs(lria — v s)), (47)
=1 j=1
Na Ns
Na 7..Ns _
dan}\ Z 1]Zl/dl‘ dr ( BUAS |I'ZA rj5|)exp( ﬂUS ﬂ)\UAs)
dx J deNadrNs exp(—BUs — BAUas)
N4 /drzA/dr]S UAS(|rzA_r]S| /dI‘NA 1/dI'NS 1exp( ,BUs—ﬁ/\UAs)
o B;; [ drNa [ drNs exp(—BUs — BAUas)
:fﬂZZ/drm/dr]s uas(|ria —rjs|)N3 ' paNg ' psgas(ria,rjs;\)
=1 j=1
=— ﬁ/drm/drg‘s papsuas(|ria —1js|)gas(ria —rjs; )
=— 5V/drPAPSUAS(T‘)9AS(7°; A)
=— 5NA/dFPSUAs(7“)gAs(7“;)\)- (48)
7.18
_ Hap(r)exp[—Buap(r) — BAwap(r)]
sap(r) = [ drHap(r) exp|—Buap(r) — BAwap(r)]’ (49)
y drH ap(r)exp[—Buap(r) — BAwap(r)]
[ aesiBwant) = , (50)
/drHAB(r) exp[—Puap(r)]
s () = s Pl Buanl -y expl—pAwas(r)] (51)

~ [drHagp(r)exp|—Buap(r)]’
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fyAvaexpoﬂuAB<r>—w@AwAB<rnj/drfausuoexprfﬁuAB<rn

" saB(r) = -
/drSSg)(r)yAB(r)
id
= 35453 (r)yan(r) ' (52)
/drsg(;i’)(r)yAB(T)
7.19
The van 't Hoff equation is
Ap=—kpThK. (53)
Thus
Apap = —kpTIn K = —kpT [111 KD 4 1n/drs§§2(r)y,43(r) . (54)
Because for ideal gas, . .
AptY = Apy + Apg = —kgT In K0 (55)
o Apian = Apa+ App — kT / drs8) (r)yap (). (56)

7.20

The change of the chemical potential can be written as
Appn =nApc — (n — l)kBTln/drsg(g (ryce(r). (57)

The substript C' denotes a CHs piece. Thus it is approximately depends linearly upon n. For large n,the
interaction between the sections of the alkane chains will become complicated, more than having linear CH,
- CHj, interactions. Therefore the linear dependence on n will not persist.

7.21

The figure 7.11 in the text is problematic. Here we refer to the figure given by [1], shown in figure 3. (i) The
peak at r = 1.5 A is the C-C single bound length L.

(ii) The peak at r = 2.5 A is mainly for the C1-C3 distance R.

(iii) The peak at r = 3.1 A indicates the C1-C4 distance R’ in a gauche conformation.

(iv) The peak at r = 4.0 A indicates the C1-C4 distance R” in a trans conformation. It is also likely to
indicate the van der Waals diameter of a methyl group o.

(v) The peak at r = 4.0 ~ 6.0 A indicates the intermolecular contact with distance o + L = 5.5 A.

(vi) The broad peak at r = 9 A is the location of the second coordination shell 2(c + L/2) = 9.5 A.

7.22

Since

<EMN=§@T+§g/mmmwm (58)

Because in water the pair correlation function g(r) heavily depends upon temperature, the heat capacity,
which is the derivative of the internal energy over temperature, is much larger in water than than those in
other simple liquids.
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Figure 3: Experimental radial distribution function of n-butane.

7.23

Because 5 5 L /o
Sy __(9v) _ 2 (9
&)= (7),=# (), )

ds
When temperature is much higher than the freezing point, naturally (8) > 0. When the temperature
P/

ds
approaches the freezing point, for water (8) < 0. Because of the continuity, there is a point T where
T

ds
<8> = 0. At this point the density p achieves its maximum.
P/

7.24

For two-dimensional hard disks, when the disks are closest packed, the unit cell has a volume of ?02.

Therefore 9
pcp = EU_% (60)

The crystal structure could be square packing, whose packing density is ~ 86% of the closest (hexagonal)
packing.



7.25

For one particle, the energy is
() = o(r) + [ dv'ple")ullr ~ ') (61)
Then
() = cexp | ~s0) - 5 [ ar ot Nulle ') (62
To solve this equation, one of the numerical methods is the self-consistent field method: one gives an initial

guess of (p(r)) and generate new (p(r)) iteratively until the density is converged. The analytical method can
be a variational method based on the Gibbs-Bogoliubov-Feynman bound.

7.26

The choice of the shell width should be neither too large nor too small. If the shell width is too large, the
resolution of the curve will be too low. While if the shell width is too small, the simulation may need more
steps to achieve a smooth profile of g(r).

7.27

If we fix the total number of Monte Carlo steps, we hope to have the largest acceptance rate as well as the
lowest statistical error. Thus for a specific system, one should find a balance with these two factors when
choosing the step size.

7.28

(i) The system is regarded as an ideal gas when it is dilute.

(a)
/drdpvg exp(—Bp?/2m) /dpvi exp(—Bp?/2m)
/drdpexp(—BpQ/Qm) /dpexp(—ﬁpQ/Qm)

(v3)

/_ " dpa(pa/m)? exp(—Bp2/2m)

/ dp, exp(—Bp2/2m)

1 kgT
= = —. 63
B~ m (63)
(b) Because the velocity on = and y directions are independent for an ideal gas,
1 k212
2,2\ g2\ 2\ _IB
<vwvy> - <vx><vy> - m252 - m2 : (64)
(© 3 3kpT
(0%) = () + (o) + (02) = 2 = == (65)
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(d) Because of the symmetry, (v,) = 0.

/drdp\vz|exp(—ﬁp2/2m) 2/ dpm% exp(—ﬁpi/2m)
_ _Jo

(Jvz]) = = =
/drdp exp(—f3p*/2m) / dp, exp(—Bp2/2m)

2 [T
-2 “
(v 4 b)) = 02) + b)) + ) = 2

(ii) Once the system approaches the boiling point or the freezing point, it is no longer an ideal gas. But if
the temperature is the same, the average velocity is the same.

()
(67)

7.29
(a)
i p? L
H="hi, hi = o &+ k. (68)

h; is the Hamiltonian of the one-dimensional harmonic oscillator. Then

_ Bhw

3N 0o
oflu wemiem - Sl (1r )] - - () @
i=1

n=0
where
w= % (70)
Q= 23LNcsch3N (572%)) (71)
(b)
1 1 4 Bkx? 4 Bp? o 2r 1
4% = E/dxi/dpi exp(—pBh;) = E/dxz exp <— 5 )/dpz exp (— 2m> = hﬁ\/z = Bhw (72)
1
Q= Bray (73)
(¢) When T' — oo, § — 0. The quantities in (a) become
Bhiw 2 1 1
csch (2> — %7 q; — /Biﬁcu’ Q — W (74)
7.30
N N
U™y = > ulry)+ Y, u®(ri—rjr;—1) (75)
i>j=1 i>j>l=1
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Bp = —ln/dr exp[—pU(r )]

vV exp[—BU (x™)] |- B/ (14 "ij
ZP+ZN:/d oAU [g] &

[ e explogU ] |5+ o g

i>j=1 /drN exp[—BU (r'™V)] i>j>1=1 /drN exp[—BU (r™)
deN exol—8U (xN (3) @),y 1
2 N r exp[—BU(r™)] [—B(uy"rij +uy 7j1) 7
Br / 3V
o= "L [argryra )+ Y (76)
i>j>1=1 /drN exp[—BU (r™))]
where ) )
3) _ Y (z,y) ul® ou') (z,y)
ey = T e = T, (77)
1
iv: /drN exp[—BU (rM)] [ 5(u§3)r” + uég)r]l)sv}
i>j>1=1 /drN exp[—BU (r™)]
_1 (3) @, 1| @
= dridradrs | —f(u; 12 +uy 123) 5 | P (ri,ra,13)
6 3V
/// drldrgdrg U( )7"12 +U(3)7"23)g(3)(7"12 7‘23)[)3
18V 2 ’
78 // dr12drasg® (112, 723) (WS 112 + ubrss). (78)
Thus ) 5
Bp =p— ﬁ% /drg(r)ru’(r) - % // drlgdrggg(S) (Tlg,’l“gg)(ugs)Tlg + ’ués)?“gg,). (79)
Therefore the second virial coefficient is explicitly independent of the three-body potential.
7.31
(a) At high density, the sketch of the pair distribution function is shown in figure 4.
(b) At extremely low density, the sketch of the pair distribution function is show in figure 5
(c) For hard spheres, g(r) is independent to 7.
(d) For p — pcp, the number of particles in the first coordination shell on one side should be 1. Thus
(3/2)1
/ dzpcpg(z) = 1.
0
(3/2)
/ dxg(z) =1/pcp = 1. (80)
0

(e) (i) (v) = 0. (ii) Because the momentums are uncorrelated and independent to the coordinates, this
system has the same average speed as that of a one-dimensional ideal gas.

(v) = el (81)
(iif) '
(v?) = B (82)
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Figure 4: A sketch of the pair distribution function at high density.
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Figure 5: A sketch of the pair distribution function at low density.

13



(iv) Since (U) =0, (K) = N{e),

(f) Since

Thus b is not a function of T'.

(e)
1 L L L .
—BA=1n W/o da:l/o dxg---/o drye
and
U 0, my=lforali,j=1,2,---,N
oo, 1y <lifanyi,j=1,2,---,N.
Thus )
—BA=1n {N!/\N(L—NI)N] =—InN!—-NInA+ NIn(L — NI)
d(—BA N
gp= 284 _ _ P
oL L—NI 1-pl
Thus b = 1.
7.32
(a)
N
Bu = M =InN-InV—-3lnA=-3InA+1Inp.
ON /v 4
Thus
f(B)=-3InA.
A is the thermal wavelength
h
\/27kaBT'

(b) Using the coupling parameter methd introduced in section 7.6 from the text,

Qx =Qy QLY (Nathw) / dr™a / dr™ exp[—BUw (£N) = BAU 4w (¢, V)]

=4 Q4" Qaw (V)

Notice
Qaw (0) = QY
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is the exceed partition function for water. Then
ln Q() = 11’1 Q%ﬁi) + 11'1 di) + ln QE/‘[?/X)

By Newton-Leibniz formula,

1 1 1 1
In@Q=InQ, :an0+/ d/\a nQx =1nQ0+/ d)\%“‘w()‘)
0 0

oA oA
Then .
i i 1
A= AU 4 AGD 4 Al g / 2 Qaw(2) n%‘;W(A)
0
oA 0AlY L0 [N 0mQaw(N) 4
= = — B d\ = 0D LA
=N T ona P e /0 o HE A,
where )
_; 0 OlnQaw (M)
Ap=-p"" dX .
T /0 B
Therefore
Bu=f(B)+Inp+ BAp.
(c) In equilibrium pg = .
Inpg =1Inp + BAL
Pg = Bp
pL = Tpw
Therefore
p=xB" pweltH
Thus in Henry’s law p = xkpy,
kH = ﬁ_lpweﬂAH.
(d) Taking the hint,
Nw
dr™W dr 4 exp[—BUw (r™W)] T ] expl—BAuaw (Jra — 1i])]
—BAp =1In =1

/drNW exp[—BUw (r¥W)]

Nw
=In </drA H exp[—BAuaw (Jra — I‘z|)]>

w

o(aa (S draliy Buaw (ra — v T2 expl—BNwaw (fra —x)])

oA ([ draTI2 expl-BAuaw (fea —xil)])
=B(Nwuaw)
:5/dI‘PW9AW(T’; Nuaw (1)
Thus, the excess chemical potential is
1
Ap =/ d/\/drprAW(m)‘)uAW(r)
0

where in the subscript W stands for water and A for argon.
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7.33

Similar to the three-dimensional system in Exercise 7.11,
B
Bp/p=1- =L [ drg(rru(r)
=1-— Bpm / dr r2g(r)u/ (r)
2 Jo
Taking the hint,

— Bolr'(r) = y() TP )5 — o)
Bp/p =1+ % /OOO dr r*y(r)d(r —o) =1+ 7rp20 y(o).

For r > o, g(r) = y(r), thus when r — o,

y(o) = g(o™)
Tpo?
Bp/p =1+ -——g(o").

7.34

Run the simulation code on computer.

7.35

(a) Define

N
0 = / deV T expl—Buo(riy)] expl—BAus (1))

i>j=1

N
Qo= [ @& T] esl-pustrip), @1=0Q.

i>j=1

v [ sunt) TT expl-puo(rip)]expl-pdun(ry)

O0ln Q) i>j=1
ox 2 N

i>j=1
1
:—ﬁi/dri/drjul(mj)ngx(r)
1
=- §BPN/drijU1(Tij)gA<rij)~

From Newton-Leibniz formula

1
1nQ:1nQ0+/ dA/drm”QA
o I\

A/N = Ayg/N + %p/drul(r)g)\(r).
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#>y'=1 /drN H exp[—pug(ri;)] exp[—LBAui (ri;)]

(111)

(112)

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)



(b) From Gibbs-Bogoliubov-Feynman bound,

N
Q = Qoexp(—B(U —Uo)o) = Qo [] exp(—Blua)o) (121)

j>i=1

Considering (u1)o = mpz‘/fdrgo(r)ul(r),

In@ >nQy+ W(_MUQO) =InQo — %BNp/drul(r)gg(r) (122)
Therefore 1
A/N < Ag/N + §p/dru1(r)go(r). (123)
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